Chapter 14

Laurent Monomials

Becauseof the lack of a short procedurefor identifying monomial specifying-
phrases,when working with monomial specifying-phrases,we tend to delay
identifying them as much as possible and, instead, to compute with the
monomial specifying-phrasesthemselves as long as possible, that is until
there is nothing elseto do but to identify the resulting monomial specifying-
phrase.

NOTE . The format that we will useto write these computations is called
split equalit y: We will write on the left the (compound) specifying-phrase
that we want to identify and we will write on the right the successie stages
of the computation on separatelines.

14.1 Mul ti plying Monom ial Specifyi ng-Phrases

When we multiply two monomial specifying-phraseswith a common base,
that is when we multiply a Pbrst monomial specifying-phrase by a second
monomial specifying-phrasewith the samebase,the result turns out to be
a monomial specifying-phrasewith the common base'.
1. We can get this result either one of two ways:
¥ We can go bad to thein-line templates
i. Wereplaceeadh monomial specifying-phraseby the corresponding
in-line template,
ii. We changethe order of the multiplications,
iii. We write the resulting monomial specifying phrase.

YEducologists will have recognized multiplication as a binary operation.
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EXAMPLE 1. In order to identify .« "
170 2+5 1 111 2t
we replace each monomial specifying-phraseby the correspondingin-line template,
we changethe order of the multiplications and we write the resulting monorrial
specifying-phrase
| " |
170 275 1 111 2t

!17! 21 21 21 21 21 !11! 21 21 21 2
17! 21 21 21 21 21 111 21 21 21 2
171 111 21 21 21 21 21 21 21 21 2
!17! 11 1 216+

187! 2+12

¥ We can build the resulting monomial specifying-phraseright from the
given monomial specifying-phrasesusing the following procedure:

i. Wegetthe coelcient of the resulting monomial specifying-phrase
by multiplying the coe!cien ts of the given monomial specifying-phrases,

ii. We get the base of the resulting monomial specifying-phrase by
taking the basecommonto the given monomial specifying-phrases,

iii. We get the signedexponert of the resulting monomial specifying-
phraseby Ooplussing@he signedexponents of the given monomial specifying-
phrases.

EXAMPLE 2. In order to igentify —« "
17! 25 1 111 24
we multiply the coelc ient§ and we Oop!luscfhe sign@ll exponents:
!17! 275 !11! 2t !17! 11 1 28t 4
187! 2*12

2. In order to seewhy both ways give the sameresult, we now look at three
more examplesin which we will get the result both ways?.

EXAMPLE 3. We identify .o "
171 251 111 2'2
both ways
¥ Wereplace each monomial specifying-phrase by the correspondingin-line template,
changethe order of the multiplicationsandwrite the resulting monomial specifying-
phrase
" " . # $

! ! ; ! 11
170 25 1 "111 272 = 7171 21 21 21 21 2} 51 2

2Educologists will of course approve of letti ng the students OexrienceOthe amount
of work being saved by having them do it both ways for a while.
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171 21 21 21 21 21 11
21 2

17! 11! 21 21 21 21 2
21 2

17! 11! 2! 721 21 21 2
2! 2

171 111 21 21 2

17! 111 2t6"2)

187! 2*3

¥ We multiply the coelc ients and we Ooplus@he signel exponents:

| " | n | "
171 25 1 111 2°2 = 171 111 28! "2
1871 2*3

EXAMPLE 4. We identify | "o
171 26 1 111 2%
both ways:
¥ Wereplace each mononial specifying-phrase by the correspondingin-line template,
changethe order of the multiplicationsandwrite the resulting monomial specifying-

phrase
! o] . # 17 $ "
170 2700 1 27 = o 1L 21 2
171 111 21 2
21212121212
1711 21 2
717121 21 2102
1711
121 21 2
=171 111 262
= 187! 2'4

¥ We multiply the coelc ients and we OoplusGhe signel exponents:

! "o " "
17y 2761 T111 22 = "171 111 26 2
187! 24

EXAMPLE 5. We identify
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| " | "
common base 170 241 T110 23

both ways:

¥ We replace each monomial specifying-phraseby the correspondingin-line template,
changethe order of the multiplicationsandwrite the resulting monomial specifying-
phrase

# #
17 $ 11 $

|
21 21212 7 21 212
_ 17! 11
",2! 21 21 21 21 21 2
171 111 20 (4H)
187! 27

! Ll
17! 2741 110 2'3

¥ We multiply the coelc ients and we Ooplus@he signal exponents:

! ! L] "
111 2°3 = "171 111 274073

187! 2' 7

17! 2741

3. Thus, from the above examples,we seethat the Omwer languageQs
indeedpowerful asit allows for a single proceduresincethe OopusOautomat-
ically takescareof the di"erent casesvhereas,whenwe usein-linetemplates,
we need di"erent proceduresdepending on whether the coelcien ts are to
be repeatedly multiplied or divided by the copiesof the baseand alsoon the
relative number of copieswhen onecoe!cien t is to be repeatedly multiplied
while the other coelcie nt is to be repeatedly divided.

14.2 Dividing Monom ial Specifyi ng-Phrases

When we divide two monomial specifying-phraseswith a common base,
that is when we divide a Prst monomial specifying-phraseby a secondmono-
mial specifying-phrase with the same base, the result turns out to be a
monomial specifying-phrasewith the samebase.
1. We can get the result either one of two ways:
¥ We can go bad to the in-line templates
i. Wereplaceeadh monomial specifying-phraseby the corresponding
in-line template, using fraction bars,
ii. We Oirvert and multiplyO, changethe order of the multiplications,
cancel, etc
iii. We write the resulting monomial specifying phrase.
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EXAMPLE 6. In order to igentify v "

171 217 O 111 213
We replace each monomial specifying-phraseby the correspondingin-line template
usingfracdion bars, Oinvet and multiplyO,changethe order of the multiplications,
canael and write the resulting monomial specifying-phrase

| "o Y17 210210 210 210 21 21 2 0111 21 21
171 247 & 111 2+3 17V 21 21 21 21 21 2.2011. 21 21 2

1 1
_ 171 21 21 21 21 21 21 2 1
1 C111r 21 21 2
_ 17! 21 21 21 21 21 21 2
- 11! 21 21 2
_ 17,2021 21 21 21 21 2
11° 21 21 2
_ 172U 21 721 21 212
11° 21 21 2
_ 17 2121212
11° 1
17
=gl 2t 2t a2
_17 ™3
_ﬁl 2+(7" 3)
_17 4
= 1! 2+

¥ We can build the resulting monomial specifying-phraseright from the
given monomial specifying-phrases:

i. Wegetthe coelcient of the resulting monomial specifying-phrase
by dividing the coelcien ts of the given monomial specifying-phrases,

ii. We get the base of the resulting monomial specifying-phrase by
taking the basecommonto the given monomial specifying-phrases,

iii. We get the signedexponert of the resulting monomial specifying-
phrase by OomimssingCthe signed exponert of the second given mono-
mial specifying-phrasefrom the signedexponert of the prst given mono-
mial specifying-phrase,that is by OoplussingGhe opposite of the signed
exponert of the secondgiven monomial specifying-phraseto the signed
exponent of the brst given monomial specifying-phrase.

EXAMPLE 7. In order to igentify — « "
17! ?+7 o) ’111 2+3
We divide the coelc ients and we OonmnusCthe signel exponents:

! "l S
170 217 O 111 23 = 17O 111 2FTE A3
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E! o7l " 3

11

= L?! 2+4

11

2. In order to seewhy both ways give the sameresult, we now look at
three more examplesthe result of ead of which we will get both ways.

EXAMPLE 8. We identify

both ways:

171 27 O 111 2t3

¥ We replace each monomial specifying-phraseby the correspondingin-line template
usingfraction bars, Oinvet and multiplyO,changethe order of the multiplications,
cancel and write the resulting monomial specifying-phrase

! Ll )
17! 27 O 111 2t3 =

171 21 21 21 21 21 21 2011! 21 21 2

1 1
17V 21 21 21 21 21 21 2, 1
1 Co11 21 21 2
17t 21 21 21 21 21 21 2
111 21 21 2
17,20 21 21 21 21 21 2
11° 21 21 2
17, 2V 2V 721 21 21 212
11° 20 2v 2
17,21 21 21 2
11° 1
17
ﬁ! 21 21 21 2
17 ™3
ﬁ! 2+(7" 3)
17 4
ﬁ! 2"

¥ We divide the coelc ients and we OonnusCGthe signel exponents:

EXAMPLE 9. We identify

!
17! 277 O 111 2*3

|

17611 1 2FTEAS
17 .

—Ly ot "3

11

17y gt

11
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I "o "
171 2+ O 111 2tT
both ways:
¥ We replace each monomial specifying-phraseby the correspondingin-line template
usinga fraction bar, changethe order of the multiplications, cancel and write the
resulting monomial specifying-phrase

17! 2! 21 2 4111 21 21 2! 2! 21 2! 2
1 1

171 21 21 2, 1
1 111 21 21 21 21 21 21 2
171 21 21 2

111 21 21 21 21 21 21 2

17, 21 21 2

11° 21 21 21 21 21 21 2

_H, 2t 21 2
11° 71 71 71 21 21 21 2

17, 1

11 21 21 21 2

17 o
=" 2" (™3
11

!
17! 27 O 111 213 =

17
=1 24
11

¥ We dividethe coe'c ients and we OonmusOthe S|gn€d exponents:

17| 2t3 O 111 27 17011I 3% +7

17 "
iy 2+3! 7
11

17 "

—1 24

11

EXAMPLE 10. We identify | " "
17! 2°° 0O 11| 2+3
both ways:
¥ We replace each monomal specifying-phraseby the correspondingin-line template
usinga fraction bar, changethe order of the multiplications, cancel and write the
resulting monomial specifying-phrase

! . ! 17 . 110 21 21 2
1 5 | 23 =
172 © 112 21 21 21 21 2 1
_ 17 | 1
T 21212121 27 111 21 21 2
17! 1

11t 21t 21 21 21 21 21 21 2
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_ 17, L
T 1170 210 21 21 21 21 21 21 2
17 "
= —_1 2" (5+3)
11
17 "
=128
11

¥ We divide the coelc ients and we OonnusCGthe signel exponents:

! Lt SR
17! 2°5 O 11! 2*3 170111 2'5# 43

17 ey o
:7!25! 3
11
17, .
=_128
11

3. Thus, from the above examples, we seethat the Opmwer languageO
is even more spectacular in the caseof division as the OomiusOstill takes
automatically care of the di"erent caseswhile, whereas,we usein-line tem-
plates, we need di"erent proceduresdepending on whether the coelcien ts
are to be repeatedly multiplied or divided by the copies of the baseand also
on the relative number of copieswhen one coelcien t is to be repeatedly
multiplied while the other coelcien t is to be repeatedly divided.

4. The reasonwe are using Laurent monomial specifying-phrasesrather
than just plain monomial specifying-phrasesis that we cannot always di-
vide a brst plain monomial specifying-phraseby a secondplain monomial
specifying-phrase and get as a result a plain monomial specifying-phrase.
On the other hand, we can always multiply or divide a brst Laurent mono-
mial specifying-phraseby a secondLaurent monomial specifying-phraseand
get as a result a Laurent monomial specifying-phrase.

14.3 Terms

We now take a major step in the developmert of the Opwer languageCby
allowing unspecibad numerators when writing monomials.

1. We begin by going bad to the distinction between a formula and a
senten®. Recall that by itself a formula, for instance an inequation or an
equation, is neither tr ue nor false and that only a senten® can represen
a relationship among collectionsin the real-world.

EXAMPLE 11. The inequationin Apples
X<5
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isndther tr ue nor false becauseit does not represant a relationshipamong collections t€rm
in the real world. (2 Applesrepresent a collection in the real world but x Applesdoes

not represent a collection in the real world.)

Given a formula, it is only when we replace the unspecibped numerator by

a specibc numerator that we get a senten@ which is then either tr ue or
false depending on whether it bts the real world or not.

EXAMPLE 12. Given the formula in Apples
Xx<5
when we replace the unspecibed numerator X by the specibc numerator 8 we get the
sentence in Apples
X<5[,._g¢
that is the sentence
8 Apples< 5 Apples
which is false but if, instead, we replace the unspecibed numerator x by the specibc
numerator 3 we get the sentence in Apples
X<5 |X::3
that is the sentence
3 Apples< 5 Apples
which istr ue
2. Similarly, just as a formula can be viewed as an OincompleteGen-

tence, a term will be an Oincomplete®pecifying-phrase

EXAMPLE 13. Given the term in Apples

X+ 5
when we replace the unspecibed numerator x by the specibc numerator 8 we get the
specifying-phrease in Apples

X+ 5|X::8
that is the specifyingphrase
8 Applest 5 Apples

which we may or may not choseto identify.
Of course,an unspecibPed numerator is the simplest possiblekind of term.

EXAMPLE 14. Given the term in Apples

X
when we replace the unspecibPad numerator x by the specibc numerator 8
X+ 5|X::8
we get
8 Apples

3. When replacingin a monomial specifying-phrasea specibcnumerator
by an unspecibednumerator to get a term, we will use
¥ The letters a,b,c,d... for unspecibedsignal coe!cien ts,
¥ The letters x,y, X ... for unspecibpedsignal bases,
¥ The letters m, n, p... for unspecibedplain exponerts.
EXAMPLE 15.
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al xtn

clym
The reasonwe will usethe letters m,n,p... to stand only for plain expo-
nents (rather than for signed exponerts) is that the sign of a exponert is
most important since it distinguishes between multiplication and division
and we will almost always have to specify it asin the above example.

In the rare caseswhen the sign of the exponert will not matter, we will

write the symbol *, read Oplusor minusQin front of the letter asin the
following example.

EXAMPLE 16.

c! x*n
is intended to cove both the case

c! x™
and the case

cl x'"

It is also customary to let the separator! go without saying. However,
this tends to cause mistakes unless we make sure we read the monomial
specifying-phrase according to whether the signed exponert is positive or
negative, as
¥ OCe!cien t multiplied by number of copiesof the baseQvhen the expo-

nert is positive,
¥ OCe!cien t divided by number of copiesof the baseOwhen the exponert

is negative.
EXAMPLE 17.
¥ Weread cxt" as @ multiplied by n copies of xObecausethe exponent is positive
¥ Wereaday P asCa divided by p copies of yObecausethe exponent is negative,

14.4 Monom ials

In the rest of this text, coelcien ts and exponerts will always be specibed
and only the basewill remain unspecibed.Out of habit, we shall mostly use
the letter x for the base.
1. Monomial specifying-phrases in which the base is unspecibed are
called monomial term s or monomials for short.
EXAMPLE 18. The following
" 3x s
+5.23" 3
" 1600 4
+4X+2
are monomials but
+4x+2:5
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is not a monomial because2.5 copies doesnOmake sense Laurent monomial

a. Just as, earlier on, we distinguished Laurent monomial specifying- Eclfé','l Tez?omml
phrases (those whose exponert can have any sign) from plain monomial poWer
specifying phrases (those whose exponert can be only positive or 0), we
could distinguish in the same manner Lauren t monomial s from plain
monomial s. Howewer, since we will be using mostly Laurent monomials,
we will just use monomial to mean Laurent monomial.

b. In a monomial we will distinguish:

¥ the coelcien t, which is the number to be multiplied or divided by the
copiesof the base
¥ the power, which is the basetogether with the exponen.
In other words, the segrator ! , whether it is actually written or goeswith-
out saying, separatesthe coelcient from the power.
EXAMPLE 19. Inthe monomial " 3x*4, " 3is the coelc ient and x** is the power.

c. Thus, monomials, as well as monomial specifying-phrases look
very much like ordinary number-phrases(as opposedto specifying number-
phrases):

¥ The coelcient in a monomialNor monomial specifying-phraseNis like
the numerator in an ordinary number-phrase,

¥ The power in a monomialNor monomial specifying-phraseNis like the
denominator in an ordinary number-phrase.

EXAMPLE 20. Monomial specifying-phrass like
17521 23 (with ! asseparator)
and monomials like
17.52x+3  (without separator)
look, andto a large extent will behave very much like:
¥ Ordinay number-phrases like
17.52 Meters
in which there is no need for a separator between the numerator and the denomi-
nator,
¥ Metric number-phrase like
17.52 KiLoMeters
in which there is no need for a separator between the numerator and the denomi-
nator,
¥ BaseTEN number-phrasedike
17.52 x Ten™® Meters
where! is a sepaator betweenthe numerata and the denominata,
¥ Exponential number-phrasedike
17.52 x 10" Meters
where! is a sepaator betweenthe numerata and the denominata.

We will investigate how far the similarity goesin the following chapters.
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2. When we multiply or divide a brst monomial by a second monomial,
we proceedjust aswe did with monomial specifying-phrases,that is we can
proceedeither:
¥ The long way which is to go back to in-line templates and then proceed

accordingto whether we are dealing with multiplication or division
¥ The short way which is to usethe following

THEOREM 8 (EXPONENT THEORE M). In order to:

Multiply two monomials ax*™ and bx*", we multiply the coe!cien ts

and oplus the exponerts:

axtM1 pxEn = gpdmt n
Divide two monomialsax*™ and bx*", we divide the coe!cien ts and

ominus the exponerts:

axtM OphxEn = %Xi m"t n

We now look at a few examples.
EXAMPLE 21. Givenoy & % &

" 17.89! xt547 1 " 1106! x*312

instead of repladng each monomal by the correspondingin-line template, changethe
order of the multiplications and write the resulting monomial:

%

& &
" 17.891 x4 1 " 1106! xt312 = (" 17.89! 3<! x |, gl x| (" 11.06! 3(! x |, 88l x-

%

547 copies of x

"17.89! " 11.06! 3(! X !, gaal x

547+312 copies of x

%
" 17.891 " 1106 | xT(547+312)
% &

+ 17.89! 1106 ! x*859

we can usethe EXPONENT THEOREM:

%

& % & %

&
" 17.891 x94T 1 " 1106! xt312 = " 17.891 " 1106 | xT4T! 4312

% &
=+ 17.89! 1106 ! x*8°

EXAMPLE 22. Givanoy v 0% "

+17.89! x*t%47 1 " 1106! x 312

instead of repladng each monomal by the correspondingin-line template, changethe

312 copies of x
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order of the multiplications and write the resulting monomal:

% & % & / n
+17.89 1 xt247 1 " 1106! x 312 = (+17.89! 3(! x|, géal x| /(#,0?8
e , 3(! x!*+aaa! X

547 copies of x

312 copies of x
3( x|, +ééé! X

% & . ’
= +17.89! " 11.06 ! 4w8
(3(! x 1, 884l X

’

312 copies of x

I x 1, 888 %! x! x!, 8 x~
% & | £ : £
Mes of x 547" 312 copies of x 8

=" 17.89! 11.06 ! /
( 3(! X ! ,aaal
% %{opiesf%
=" 17.89! 1106 ! xH(547" 312)

% &
=" 17.89! 11.06 ! x*t235

we can usethe EXPONENT THEOREM:

% & | " % & )
+17.891 x*547 1 " 11061 x 312 = +17.89! " 1106 | xT7! "312
% &
=" 17.89! 1106 ! x*t(547" 312)
% &
=" 17.89! 1106 ! x*23°
EXAMPLE 23. Givey, & % &

"17.89! x %47 1 +11.06! x*312

instead of repladng each monomial by the corresponding in-line template, changethe
order of the multiplications and write the resulting monomal:

% & % & /.
"17.89! x YT 1 +11.06! x*1? =/(+,8,?8! (+11.06! x! x!, g8l x:
3(! x!*+aaa! X  — )

' 312 copies of x
L}

5(! x |, éél x

547 copies of x

% &

" 17.891 +11.06 ! %MB

H .* ,,. "
3(' x'+aaé' X

3

547 copies of x
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0, ’
" % & / 2 copies of x 8

17.89! 11.06 ! {

3(! X !, gaal x! 3(! x |, géal x
0 & 2 copies of x 547" 312 copies of x
0
=" 17.89! 1106 ! x (547" 312)
% &

" 17.89! 11.06 ! x 235

we can usethe EXPONENT THEOREM:

% & % & % &
"17.89! x %47 1 1106! x*32 = " 17.89! +11.06 | x V7' 312
% &
=" 17.89! 1106 ! x' (47" 312)
% &
=" 17.89! 1106 ! x" 23
EXAMPLE 24. Giveno, & % &

+17.89! xt547 O +11.06! x*312

instead of repladng each monomial by the correspondingin-line template, changethe
order of the multiplications, rewrite as fraction, multiply by the reciprocal instead of
divide and write the resulting monomal:

' - +11.06! 5(! X !, gaal X~

% & % & / o 8
+17.891 x %7 ¢ +11.06! x312 = (+17.89! K1 xL gl x oy 312 copies of X
547 copies of x , £
/
= (+17.89! X! x 1, gl x| 4 1 8

- (van0e! yt x L gl x-

547 copies of x

312 copies of x
# $ ! x!*+aaa! x
+17.89 | ; 547 copies of x 8
+11.06 ~ (x1 x1, g8l x-

312 copies of x

1
L1z

1 2 3(! x!*+a@>’<f! 3(! x |, 88 x
17.89 ; /Kl(opies of x 547" 312 copies of x8

= + | —
11.06 ( j(/lﬂx/l*_'_aay
4 $ 2 copies of x ’
-+ 17.89 | xH(547" 312)
11.06
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# $
_ 1789 o35
11.06
it is easig to usethe EXPONENT THEOREM:
% & % & # $
+17.801 PTG +11.061 x+H12 = A8 stk o
' ' +11.06$'
17.89 | 5471 " 312
1106 °
17.89 | (547" 312)
11.06 °
17.897 | o35
11.06 °
EXAMPLE 25. Given o & % &

17.89! x" *7 O 1106! x 312

instead of repladng each monomial by the corresponding in-line template, changethe
order of the multiplications, rewrite as fraction, multiply by the reciprocal instead of
divide and write the resulting monomial:

% & % &y J
17.89! x %7 O 1106! x 312 =1 %8 o)/ 11'0,6,,B
5<!x!*+aaa! X (3<!x!*+aaa!x_
547 copies of x 312 copies of x

- H .*, .
3(I X|+aéé| X

/ 17.89 8 f 312 copies of x ’
(5<! x L, gl x- 11.06
547 copies of x
$ L ox !, 88l x

# )
_ 17.89 I f 312 copies of x 8
1106~ (x! x1 s x-

547 copies of x

1789 | f 2 copies of x 8

1106~ (y! xbggdl x! ! xL gl x-

# $ 2 copies of x 547" 312 copies of x
17.89 | X" (547" 312)
1106 °
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# $
_ 17897 .o
11.06

it is easiag to usethe EXPONENT THEOREM:

% % # $
0 &% s 1789

17.89! x *7 O 11.06! x = |y 54T # " 312

11.06_°
17.89 | x" B54T! 4312
11.06_°
#
- 17.89 ] X" (547" 312)
11.06$
17897 - s

11.06 -



