Chapter 16

Polynomials 2: Multiplication

Multiplication of polynomialsisvery closeto multiplication of decimalnumber-
phrasesso, we begin by discussionof multiplication in ARITHMETIC.

16.1 Multiplication in Arithmetic

In ARITHMETIC, multiplication is an operation that is very dilere nt from
addition in many ways.

1. While number-phrases(with a common denominator) can always be
added, number-phrases,even with a common denominator, usually cannot
be multiplied.

EXAMPLE 1.
While
2 Apples + 3 Apples = 5 Apples
the following
2 Apples! 3 Apples
makes no sensewhatscever.
(2 Apples! 3 Apples is not the sane as 2(3 Apples) which is equd to 6 Apples)

2. Even when number-phrasescan be multiplied, the result involves a

diler ent denominator.
EXAMPLE 2.
= Sy that, in the real world, we want to tile a table three feet long by two feet wide
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2 Feet
L

3 Feet
with onefoot by onefoot tiles
§ » /—1 FootByFoot
LL
—
—
1 Foot

We need three tiles to tile the brstrow:

and anothe three tiles to tile the second row:

Altogether then, we usel six one foot by onefoot tiles.
= On paper, the specifying-phrase that represents the area of the table is
2 Feet! 3 Feet
and the number-phrase that represents the area of a tile is
1 FootByFoot
alsoknown as
1 SquareFoot
We then represent the fact that we usal two rows of three tiles by

2(3 FootByFoot) = (2! 3) FootByFoot
6 FootByFoot

Altogether, we represent the real world tiling process by the paper procedure
2 Feet! 3 Feet= (2! 3) FootByFoot

3. While number-phrasesinvolving dilerent denominators can never be
added, number-phrasesinvolving dilerent denominatorscan occasonally be
multiplied.

EXAMPLE 3.
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= Sa that, in the real world, we want to tile a shelf three feet long by sixinches wide

6 Inches
1

: :
3 Feet
with onefoot by oneinch tiles

1 Foot

We need three tiles to tile each row and sinee there are six rows

we need eighteen one foot by oneinch tiles.
= On paper, the specifying-phrase that represent the area of the table is
3 Feet! 6 Inches
and the number-phrase that represents the area of a tile is
1 FootBylnch
We then represent the fact that we used six rows of three tiles by

6(3 FootBylnch) = (6! 3) FootBylnch

18 FootBylnch

Altogether, we represent the real world tiling process by the paper procedure
6 Feet! 3lInches = (6! 3) FootBylnch

16.2 Multiplication of Polynomials

In POLYNOMIAL ALGEBRA, things are much simpler: Becausewe can always
multiply monomials, it turns out that we can multiply polynomials. We will
usethe symbol X to denote multiplication of polynomials.

1. In order to multiply a given polynomial by a given monomial, we
multiply eadr and every monomial in the given polynomial by the given
monomial and the result is another polynomial.

EXAMPLE 4. Given the polynomial
+2x*2  + 4x* +6x0 " oex't " oBx' 2
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and the monomial
" 4X+3
In order to identify the specifying phrase

[#2x2 44t e " ex't B 2| | ax]
i. We sd up asin ARITHMETIC

+2x*2 4+ 4x* +6x® "oex't ot oBx!2
X " Ox*2

NNNNNNNNNNNNNNNNNN-

ii. We multiply each and every monomial in the given polynomial by the given mono-
mial:

+2x72  +4x*T +6x0 " ex!l o toBxi2

NNNNNNNNNNNNNNNNNNNNND
(+2)(" 9" T2 (+4)(" QX (+6)(" 9xT 2 (" E)(" 9x' T 2 (" B)(" 9)x' F 2
ii. We get
+2x*2  + 4x*t +6x% " oex'l " oBx'2

NNNNNNNNNNNNNNNNNNNNND

"18xt4 " 36x*t M Bax*? " Bax*tt 4+ 45O

2. In order to multiply a prst polynomial by a secondpolynomial, we
multiply ead and every monomial in the brst polynomial by ead and every
monomial in the Prst polynomial and the result is another polynomial.
In order to keepsome order in the procedure,
i. We set up the multiplication pretty much asin ARITHMETIC:

a. We write the brst polynomial on the prst line with missingmonomials
written-in with a 0 coe"cien t

b. We write the secondpolynomial on the se@nd line without writing-in
the missing monomials with a 0 coe"cient. Also, the secondpolynomial
neednot be lined up exponert-wise with the pbrst polynomial
ii. We write the results of the multiplication of the brst polynomial by ead
monomial of the secondpolynomial on a separateline
iii. As we write the results of the multiplication of the Prst polynomial
by the next monomial of the secondpolynomial, we make sure that the
exponerts are lined up vertically (to make the next step easier).
iv. We add the terms with sameexponent (lined up vertically asa result of
the previous step).

EXAMPLE 5. Given a brstpolynomial
+5x* " axtt +6x0 M 7x' 2
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and a second polynomial
+2x*? " ogx*t o+ 3x'?
In order to identify the specifying phrase
+5x* " 4x* o+ 6x0 " 7X! 2} X [+2x+2 "ogxtl o+ 3!t
we proceed as follows:
i. We sd up asusual,writing the monomials missingin the first polynomial with a 0
coelc ient.

+5x*3  + 0x™2 " 4x*t o +6x9 +0x!1T " o7x! 2
X +2x*2 " ogxtt 4+ 3x'?
NNNNNRNNNNRNNNNNNRNRNNNNRNNNNRNRNNNN
ii. We multiply each and every monomial in the prst polynomial by the Prst monomial

in the second polynomial, writing the missingmonomals with a 0 coelc ient.

+5x* + 0x*2 " 4xtt +6x0 +o0x't ot 72

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN
+10x™  + 0x* " 8"+ 12x™2  + Ox*t " 14x°

iii. We multiply each and every monomial in the brst polynomnial by the second mono-
mial in the second polynomial, writing the missingmonomials with a O coelc ient.

+5x*  + 0x*2 " 4xtt +6x0 +o0x't ot 72

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN
+10x™  + 0x™ " 8" o+ 1™ + ox*t " 14x°

" 40X+4 + 0X+3 + 32X+2 " 48X+1 + OXO + 56X! 1

iv. We multiply each and every monomial in the brstpolynorial by the third monomal
in the second polynomal, writing the missingmonomals with a 0 coelc ient.

+5x* + 0x*2 " axt o+ 6x% +0x't oM 7x'2

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNAN
+10x*  + 0x™ " o8 + 1™+ O0x™t " 14x°

" 40t + Ox* o+ 3™ " 48kt + 0xO + 56¢' 1t
+15X+2 + 0X+1 " 12(0 + 1&(' 1 4 OX! 2 n 21XI 3
v. We add the terms with sane exponent

+5x* + 0x*2 " Axtt o+ 6x0 +0x't ot X2
X +2x*2 gkt + 3!t

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN
+10x™  + 0x™ " 8* o+ 1™ + 0ox*t " 14x°

"AOKYY 4+ Ox™ + 3%*2 " o48*t + 0x0 +56¢' 1
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+15x*2  +0x*T " 10 +18' ! +0x' 2 " 21 3

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN
+10x*° " 40k " 8x*™ +59%*? " 48 " 26x0 +74x'l +0x'? " 21x' 3

v. We thus have

[+5x+3 "ol 4+ x0T 7! 2} = [+2x+2 x4+ 3x! 1] =

= +10x*> " 40x** " 8x*® + 50x*? " 48kt " 26x0+ 74ax' 1+ Ox' 2" 21! 3



