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Chapter 18

Polynomials 4: Division
(In Descending & Ascendi ng Powers)

We now turn to the last oneof the four operation with polynomials: division.
Howevwer, in order to understand the procedure,we must pbrst take a look at
the division procedurein arithmetic

18.1 Division In Ari thm etic

We prst look at the real-world processand then we look at the corresponding
paper-world procedure.

1. In the real world, we often encourter situations in which we have
to assign (equally) the items in a brst collection to the items of another
collection.

The processis to make rounds during ead of which we assign oneitem of

the prst collection to eat one of the items in the secondcollection. The

processcomesto an end when, after a round has beencompleted,

¥ there are items left unassignedbut not enough to complete another
round. The share is then the collection of items from the Pbrst col-
lection that have been assignedto ead item of the second collection
and the lefto vers are the collection of items from the brst collection left
unassignedafter the processhas cometo an end.

EXAMPLE 1. Inthe realworld, say we havea collection of seven dollar-bills which

we want to assignto each and every personin a collection of three person. We

want to know how many dollar-bills we will assignto each person and how many
dollar-bills will be left-over.

i. We make a prst round during which we hand-out one dollar-bill to each and
every personin the collection. This uses three dollar-bills and leaves us with four
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or,

dollar-bills after the Prstround.

ii. We make a secondround, we hand-outonedollar-bill to each and every personin
the collection. This uses anothe three dollar-bills and leaves us with one dollar-bill
after the second round.

ii. If we try to make a third round we bndthat we cannot complete the third
round.

So, the shae is two dollar-bills and the leftovers is one dollar-bill.

there is no item left unassigned. The share is again the collection of
items from the Prst collection that have beenassignedto ead item of
the secondcollection and there are no leftovers

EXAMPLE 2. Inthe real world, say we havea collection of eight dollar-bills which
we want to assignto each and every personin a collection of four person. We want
to know how many dollar-bills we will assignto each personand how many dollar-
bills will be left-over.

i. We make a prst round during which we hand-out one dollar-bill to each and
every person in the collection. This uses four dollar-bills and leaves us with four
dollar-bills after the brstround.

ii. We make a second round, we hand-outonedollar-bill to each and every person
in the collection. This uses anothe four dollar-bills and leaves us with no dollar-bill
after the second round

iii. So,we cannot make a third round

So, the shae is two dollar-bills and there are no leftovers.

2. The paper procedure that corresponds to the real-world processis

called division . Division will involve the following language:

¥

¥

¥
¥

The number-phrasethat represeits the prst collection, that is the col-
lections of items to be assignel to the items of the secondcollection, is
called the dividend

The number-phrase that represerts the seond collection, that is the
collection of items to which the items of the brst collection are to be
assigned,is called the divisor ,

The number-phrasethat represens the share is called the quotien t,
The number-phrasethat represerts the leftovers is called the remain-
der.

EXAMPLE 3. Given a real-world situation with a collection of eight dollar-bills to be
assignd to each and every personin a collection of four persons,

¥
¥
¥
¥

The dividend is 7 Dollas
The divisia is 3 Persons
The shae is Zggl'gfn

The remainde is 1 Dolla
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18.2 Elementary School Pro cedure :rial and error
ry
The division procedure taught in elemenary schools is a trial and error Partial product
procedure which follows the real-world processclosey inasmuch as ead partial remainder
round is represerted by a try in which:
i. We usethe multiplication procedure to bnd the partial pro duct
which represens how many items have been usel by the end of the corre-
sponding real-world round.
ii. We usethe subtraction procedure to bnd the partial remainder
which represeris how many items, if any, are left over by the end of the
corresponding real-world round.

EXAMPLE 4. In order to divide 987 by 321, we go through the following tries:

First try:
i. We multiply the divisa 321 by 1 which gives the partial produa 321:
1
|
321 987
321

ii. We subtrad the partial produc 321 from the dividend 987 which leaves the

partial remainde 666 :

I
321 987
321

666

Second try:
i. We multiply the divisa 321 by 2 which gives the partial produd 642:
2
|
321 987
642
ii. We subtrad the partial produa 642 from the dividend 987 which leaves the

patial remainde 345:

12
321 987
642

345

Third try:
i. We multiply the divisa 321 by 3 which gives the partial produc 963:
3
321 I 987
963
ii. We subtrad the partial produc 963 from the dividend 987 which leaves the
patial remainde 24 :
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321 987
963
24

Fourth try:
i. We multiply the divisa 321 by 4 which gives the partial producd 1284:
| 4
321 987
1284
ii. We cannot subtrad the partial produad 1284 from the dividend 987 :

L4

321 987
1284

Sinee we cannot complete the fourth try, we go bad to the last complete try, that is
the third try, and we gt that the quotient is 3 and the remainde 24.

This procedure, though, hastwo seere shortcomings

¥ All thesefull multiplications require a lot of work.
¥ This procedurewill not extend to polynomials

18.3 E! cient Division Pro cedure

We now presernt a much more elcien t procedurethat, instead of full multi-
plications to bnd the digits of the quotient, usesonly a multiplication tablet
and which, for us, hasthe further advantagesthat it extendseasilyto poly-
nomials.

1. By the rank of a multiplication table, we will mean the numerator
common to all the multiplications in that multiplic ation table. The table
multipliers  correspond to the successie lines in the multiplication table
and therefore always rangefrom 1to 9. Thetable pro ducts arethe results
of the successie multip lications in the multiplication table.

EXAMPLE 5. In the following multiplication table

YEducologists will surely claim that this procedure is way beyond the feeble mind of
their students. Yet, it seemsto be the one taught in most of the world and the procedure
that uses Oful multi plicationOseemsto be taught mostly, if not only, in the U.S..
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711 = 7 :iges
712 = 14 stop

713 = 21 continue
714 = 28

7!5 = 35

716 = 42

717 = 49

718 = 56

7'9 = 63

¥ therankis 7,
¥ the table multipliers rangefrom 1 to 9 (as in all multiplication tables),
¥ the table produds rangefrom 7 to 63.

2. The procedure consists of successie cycles. During each of these
cycles we go through the following four step s:
Step |. We bnd a single digit of the quotient by trial and error using only

the multiplication table whoserank is the Prst digit of the divisor.

Step I1. We bnd the partial product by multip lying the full divisor by the
single digit of the quotient we found in Step .

Step I11. We bnd the partial remainder by subtracting the partial product
we found in Step Il from the full dividend.

Step IV. We decidewhether we want to:
¥ stop the division,
¥ contin ue the division.

EXAMPLE 6. We want to compute

9974
312

sowe need to divide 312 into 9974, that is

I
312. 9974,

Sincee the brstdigit in the divisa is 3, we will usethe multiplication table of rank 3:
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311 =
312 =
313 =
314 = 12
3!'5 = 15
3!6 = 18
37 = 21
318 = 24
319 = 27

CYCLE 1. We look for the prst digit of the quotient.
Step I. We divide by trial and error the brst digit in the divisa, 312., into the brst
digit of the dividend, 9974.
Trial 1. We try the table multiplier 1
i. When we multiply the prstdigit of the divisa, 3, by the table multiplier
1 we get the table produa 3:

312 | 9974
3
ii. We subtrad the table produa 3 from the prst digit of the dividend,
9974., which leaves the remainde 6:

!
312. 9974.
3

6

Trial 2. We try the table multiplier 2
i. When we multiply the prstdigit of the divisa, 3, by the table multiplier
2 we ge the table produa 6:

321 | 9974
6
ii. We subtrad the table produad 6 from the prst digit of the dividend,
9974., which leaves the remainde 3

!
312. 9974.
6

3

Trial 3. We try the table multiplier 3
i. When we multiply the prstdigit of the divisa, 3, by the table multiplier
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3 we ge the table produa 9:

I
312. 9974,

9
ii. We subtrad the table produa 9 from the prst digit of the dividend,
9974., which leaves the remainde 0O

!
312.

9974,
9
0
Trial 4. We try the table multiplier 4
i. When we multiply the brstdigit of the divisa, 3, by the table multiplier
4 we gd the table produa 12:

I
312. 9974.

12
ii. We cannot subtrad the table produa 12 from the brst digit of the
dividend, 9974. .
!
312. 9974.
12

Since we cannot complete Trial 4, we must go bad to the last complete trial, that is
Trial 3, from which we ge that:
The brst digit of the quotient will be 3 unlessthe resulting partial product exceeds
the dividend.
Step 1l. We multiply the full divisa, 312., by the brst digit in the quotient, 3:
;3
312. 9974,
936

The Prstpartial produc is 936 Tens
Step I1l. We subtract the brst partial product, 936 Tens from the dividend 9974.:
1 3
312.  9974.
936

614

The Prstremainde is 614. and the brstdigit in the quotient is 3.
Step IV. We decide if we want to stop or to continue the division:

¥ If we decide to stop the division,
b the quotient of the divisionis 30. since the Pbrst digit of the quotient, 3,
refers to the Tensand the only denominator that goes without saying is the
Ones
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P the remainde of the divison is 614.
If we donOtare about the remainde, we write:

9974

—— = 30+ (...

312 30+ ()
9974

where we write + (...) asareminder that 55~ is not exadly equalto 30 since there
was a remainde.
¥ If we decide to continue the division,
i. we recall that the 3 in the quotient refers to the Tens
;3
312 9974
936
614
ii. we recall that the remainde is 614 Ones
;3.
312 9974
936
614

iii. we start a new cyde.
CYCLE 2. We look for the second digit of the quotient.

Step |. We divide by trial and error the Prst digit in the divisa, 312., into the brst
digit of the brstremainde, 614. :

Trial 1. We try the table multiplier 1
i. When we multiply the prstdigit of the divisa, 3, by the table multiplier
1 we ge the table produd 3:
;3
312. 9974
936
614
3
ii. We subtrad the table produc 3 from the Prstdigit of the brstremain-
der, 614., which leaves the remainde 3 :
;3
312. 9974
936
614
3

6

Trial 2. We try the table multiplier 2
i. When we multiply the prstdigit of the divisa, 3, by the table multiplier
2 we ge the table produd 6:
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;3
312. 9974
936
614
6
ii. We subtract the table product 6 from the brstdigit of the brstremain-

der, 614., which leaves the remainde O :
3
|
312. 9974
936
614
6

0
Trial 3. We donOneed to do Trial 3 sinae we obviouslywill not be ableto subtrad the
table produat from the prstremainde.
The second digit of the quotient will be 2 unlessthe resulting partial product
exceeds the prstremainde.
Step 1. We multiply the full divisa, 312 , by the second digit in the quotient, 2 :
; 32
312 9974
936
614
624

The second partial product is 624 Ones
Step I1l. We cannot subtract the second partial product, 624 from the brstremain-
der, 614:
; 3.2
312 9974
936
614
624
What happened here is dueto the carryove in the multiplication.
So, the second digit in the quotient is the table multiplier in Trial 1, 1, and we must
redo Step Il and Step I11:
New Step II. We multiply the full divisa, 312 , by the second digit in the quotient,
1:

, 31

312 9974
936

614

312

The second partial product is 312 Ones
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New Step Ill. We subtrad the second partial produd, 312 Ones from the Prst
remainde 614.:
;31

312. 9974,
936

614.
312
302

The second remainde is 302. and the second digit in the quotient is 1.
Step IV. We decide if we want to stop or continue the division.

¥ If we decide to stop the division,
b the quotient of the divisionis 31. since the second digit of the quotient, 1,
refers to the Ones
b the remainde of the divison is 302.
If we donOtare about the remainde, we write:

9974
312 - 3L+ (..)
where we write + (...) asa reminder that £ is not exadly equd to 31 since
there was a remainde.
¥ If we decide to continue the division,
i. we point the 1 in the quotient to indicate that it refers to the Ones
| 31
312. 9974
936
614

ii. we changethe remaindeg 302 Onesto 3020 Tenths
, 31.
312. 9974,
936
614
312
3020

iii. we start a new cyde.
CYCLE 3. We look for the third digit of the quotient.
Step |. We divide by trial and error the Prst digit in the divisa, 312., into the brst
two digits of the second remainde, 3020. :

Trial 1. We try the table multiplier 1
i. When we multiply the prstdigit of the divisa, 3, by the table multiplier
1 we get the table produa 3:
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. 31.
312. ~ 9974.
936
614
312
3020
3

ii. We subtrad the table produad 3 from the brsttwo digits of the second
remainde, 3020., which leaves the remainde 27:
; 31.
312. 9974,
936
614
312
3020
3
27

Trial 2. We try the table multiplier 9

i. When we multiply the brstdigit of the divisa, 3, by the table multiplier
9 we ge the table produa 27 :
; 31.
312. 9974.
936
614
312
3020
27
ii. Wesubtrad the tableprodua 27 fromthe brsttwo digits of the second
remainde, 3020., which leaves the remainde 3 :
; 31.
312. 9974.
936
614
312
3020
27
3
The third digit of the quotient will be 9 unlessthe resulting partial produc

exceeds the third remainder.

Step 1. We multiply the full divisa, 312 , by the third digit in the quotient, 9:
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, 319

312 9974
936
614
312
3020
2808

The third partial product is 2808 Tenths

Step I1l. We sultract the third partial produd, 2808 from the second remainde,
3020:

, 31.9

312 ~ 9974,
936
614
312
3020
2808
212

The third remainde is 31.2 and the third digit of the quotient is 9

Step IV. We decide if we want to stop or continue the division.
¥ If we decide to stop the division,

b the quotient of the divisionis 31.9 since the third digit of the quotient, 9,
refers to the Tenths
b the remainde of the division is 21.2
If we donOtare about the remainde, we write:

9974
——— = 319+ (...
312 319+ ()
where we write + (...) asa reminder that %5 is not exadly equalto 31.9 since
there was a remainde.

¥ |If we decide to continue the division,

i. we recall that the 9 in the quotient refers to the Tenths
; 319
312 9974.
936
614
312
3020
2808
212
ii. we changethe remainde 212 Tenthsto 2120 Hundredths
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, 31.9
312~ 9974.
936
614
312
3020
2808
2120

iii. we start a new cyde.

3. While this procedurecertainly appearsto be a lot more complicated
than the elemenary school procedure, it isnOtreally and it just requires
getting usedto and taking the time to get usedto it is a good investmert
because,n the long run, this procedureis much more economicalsince
¥ We bnd the digits of the quotient using only one multiplication table,
¥ Wethen usually needonly do onefull multiplication and one subtraction

(per cycle) as opposedto one for ead try.
¥ We can decide exactly where we want to stop and seehow precisethe

guotient then would be.

18.4 Division of Polynomials

Sincedecimal numerators are combinations of powers of ten , it should not
be surprising that the above procedure should work for polynomials which
are combinations of powers of x.

The procedure consistsof successie cycles onefor eadh monomial in the
guotient. During ead of these cycles we go through four steps:

Step I. We bnd eadh monomial of the quotient by dividing the brst
monomial in the divisor into the Prst monomial of the previous partial
remainder.

Step Il. We bnd the partial product by multiplying the full divisor by
the monomial of the quotient we found in Step .

Step I11. WePbndthe partial remainder by subtracting the partial prod-
uct we found in Step Il from the previous partial remainder or, if there is
not yet a partial remainder, from the full dividend.

Step IV. We decideif we
¥ stop the division
¥ continue the division
Just as, in arithmetic , we can stop the division anywhere we want and
we neal not stop a division when the quotient reaches a monomial with
exponert 0 becausewe can always divide a monomial into another sincewe
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can have negative exponerts. In fact, again just asin arithmetic , there

are caseswhere we absolutely needto go beyond the exponent 0 and use

negative exponerts. (SeeEpilogue.)

"3+ 11x2" 17+ 1
"3x2+ 5" 2

EXAMPLE 7. In order to compute , we divide" 3x2+ 5" 2

into " 123+ 11x2" 17x + 1

!
" 3x2 +5x " 2 " 123 +11x? " 17X +1

we proceed asfollows:
CYCLE 1. Step I. We bndthe brst monomal in the quotient by dividing the Prst
monomial in the divisa, " 3x? , into the brst monomial of the dividend,

" 3

" 12x3 that is T - +4x

, +4 X
"3x2 +5x "2 "1x® +11x2 " 17X +1
Step |I. We bndthe brstpartial product by multiplying the full divisa by
the brst monomial in the quotient:

| +4 X
" 3x% +5x " 2 " 12x3 +11x2 " 17X +1
First partial produd: " 12x3 +20x2 " 8x

Step I1l. Webndthe brstpartial remainde by subtrading the prst partial product
from the full dividend:

| t4X
" 3x? +5x " 2 " 123 +11x? " 17X +1
# "1 +20x? " 8x

But to subtrad the brstpartial produd meansto add the opposite of the prst partial
producd to the full dividend:

| +AX
" 3x% 4+5x " 2 " 12x3 +11x2 " 17x +1
$ +12x3 " 20x2 +8Xx
First remainde: +0x3 " Ox? " Ox +1

Step IV. We decide if we want to stop or continue the division.
¥ If we decide to stop the division,
b the quotient of the divisionis +4x .

b the remainde of the divisonis " 9x2" 8x + 1

If we donOtare about the remainde, we write:
"12x3 + 11x2" 17x + 1

"3x2+ Bx" 2

= +4x + (..)

"AX3 4+ 1Ix2" 17x + 1 is

where we write + (...) asareminder that
() "3x2+ B5x" 2
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not exadly equalto +4x since there was a remainde.
¥ If we decide to continue the division,we start a new cycde
CYCLE 2. Step I. We bndthe second monomnial in the quotient by dividing the brst

monomial in the divisa, " 3x? , into the Prstmonomial in the Prst partial
" 2

remainde, " 9x° , that is —— = +3
3x2
| HAX +3
" 3x? +5x " 2 "AX3 +11x? "1x 41
" 12x3 +20x? " 8x

" Ox? " Ox +1
Step Il. We bndthe second partial produd by multiplying the full divisar
by the second monomial in the quotient:

| HAX +3
" 3x% 45x " 2 " 12x3 +11x2 " 17X +1
" 12x3 +20x2 " 8X
" Ox? " Ox +1
Second partial produd: " Ox? +15x "6

Step I1l. We Pndthe secondpartial remainde by subtrading the second partial product
from the brst partial remainde:

| H4X +3
" 3x% +5x " 2 " 13 +11x2 " 17X +1
" 123 +20x2 " 8x
" Ox? " Ox +1
# " Ox? +15x "6

But to subtrad the second partial product meansto add the opposite of the second partial
product to the brst partial remainde:

; H4X +3
" 3x2 +5x " 2 " 12x3 +11x2 " 17X +1
" 12x3 +20x2 " 8x
" Ox?2 " Ox +1
$ +9 %2 " 15x +6
Second remainde: +0x? " 24X +7

Step IV. We decide if we want to stop or continue the division.
¥ If we decide to stop the division,
b the quotient of the divisionis +4x + 3.

b the remainde of the divisionis " 24x + 7
If we donOtare about the remainde, we write:

"3+ 11x%" 17x + 1
" 3x2+ 5x " 2

= +4x + 3+ (..)

"3+ 11x%" 17+ 1 i

where we write + (...) asa reminder that
() a T B D
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not exadly equalto +4x + 3 sinee there was a remainde.
¥ If we decide to continue the division,we start a new cycle
CYCLE 3. Step I. We bndthe third monomial in the quotient by dividing the brst

monomial in the divisa, " 3x2, into the brst monomial in the second

partial remainde, " 24x that is X igx! 1

" 3x2
| tAx +3 +8x' 1
" 3x2 +5x " 2 " 12x3 +11x2 " 17X +1
" 12x3 +20x2 " 8x
" ox? " Ox +1
+9x2 " 15x +6
" 24x +7

Step Il. We bnd the third partial produd by multiplying the full divisa
by the third monomal in the quotient:

| +4x  +3 +8x' 1
" 3x2 +5x " 2 " 12x3 +11x2 " 17X +1
" 12x3 +20x2 " 8x
" Ox? " Ox +1
+9x? " 15x +6
" 24x +7
Third partial produd: " 24x 440 "1ex' !

Step |1l. Webndthethird partial remainde by subtrading the third partial product
from the prst partial remainde:
, +4x  +3  +8x'!

" 3x2 +5x " 2 " 123 +11x2 " 17X +1
" 12x3 +20x2 " 8x
" Ox? " Ox +1
+9x? " 15x +6
" 24x +7
# " 24 +40 " 16x' 1

But to subtrad the second partial produc meansto add the opposite of the second partial
produd to the brst partial remainde:

| +4x 43 +8x' 1
" 3x% +5x " 2 " 12x3 +11x2 " 17X +1
" 12x3 +20x2 " 8X
" ox? " Ox +1
+9x2 " 15x +6
" 24x +7
$ +24x " 40 +16x' 1
Third remainde: ox "33 +16x' 1

Step IV. We decide if we want to stop or continue the division.
¥ If we decide to stop the division,
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P the quotient of the divisionis +4x + 3+ 8x' 1.
b the remainde of the divisionis " 33+ 16x' *
If we donOtare about the remainde, we write:
A3+ 112" 17x + 1
"3x2+ bx" 2

= +4x+ 3+ 8 1+ ()

"AX3 4 1Ix%" A7x+ 1.
" 3x2+ 5x" 2 I
not exadly equalto +4x + 3+ 8x' ! since there was a remainde.
¥ If we decide to continue the division, we start a new cyde
The procedure to divide polynomials is in fact a lot simpler than the
procedurefor dividing in arithmetic
¥ There is never any OcarrpverO
¥ The brst term of ead partial remainder has coelcien t 0O
¥ There areno Trials in Step | becausewhenwe divide the Prst monomial
in the divisor into the brst monomial of a partial remainder, we always
get a coelcien t for the corresponding monomial in the quotient and the
worst that can happen is that this coelcient is a fraction.
EXAMPLE 8. Inorder to divide2x3+ 5x2" 6 by 3x" 1 wewrite (in the anglo-saxon
tradition):

where we write + (...) asa reminder that

2,2 17 17
3XT+ X * 37

!
3" 1 2x% +5x? "6

"2x3 + 2x2
45;
" ﬁ3x2+ X
iy g
" Iy 4 u

n 145
) , 27
The quotient is
2y2 17 17
' . +EXTH X+ 57
The remainde is
n 145

27

18.5 Default Rules for Division

Since mathematicians are lazy,

¥ mathematicians do not write the + sign in front of the coel!cien ts of
leading monomials,

¥ mathematicians do not write monomials with O coelcien t,

and, most dangerously
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¥ mathematicians want to write only one stagein Step Ill but there are
two traditions concerningwhat then to write, asa result, in Step |1

b In the latin tradition, in Step I, we write the partial product, that

is what we get it from the multiplication, and soin Step |11, when it

comesto subtracting, we visualize the opposite of the partial product

we wrote in Step Il and we oplus what we visualize The advantage

is that ead line is exactly what we get from the previous operation.

ExXAMPLE 9.
; H4X +3
" 3x2 +5x " 2 " 12x3 +11x2 " 16X +1
" 12x3 +20x2 " 8x
" Ox? " 8x +1

b In the anglo-saxontradition, we anticipate the subtraction to be done
in Step 111 and in Step I we write the opposite of the partial product
soin Step Il we oplus what we wrote in Step |1

ExampPLE 10.
| +4X +3
" 3x% +5x " 2 " 12x3 +11x2 " 16x +1
+12x3 " 20x2 +8 X
" Ox? " 8x +1

From now on we will of coursefollow the anglo-saxontradition.

34+ 13x%+ 13x+ 7 - .
EXAMPLE 11. In order to compute & X X , we divide2x + 1 into

X+ 1
6x3+ 13x%+ 13X + 7
CYCLE 1. Step I. We bndthe brstmonomial in the quotient by shat division
3x?

!
2x+ 1  6x3+ 13xX%2+ 13+ 7

Step Il. We get the brst opposite produc by writing the opposite of
the result of the full multiplication

| 3x2
2x+ 1 6x3+ 132+ 13x+ 7
"oex3 " 3x2

Step I1l. We get the brst remainde by oplussingthe brst opposite

product
| 3x2
2x+ 1 6x3+ 132+ 13x+ 7
" oex3 " 3x?
10x2 + 13x

Step IV. We decide if we want to stop or continue the division
b If we decide to stop the division,
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I the quotient of the division is +3x*? .

I the remginder of the divisionis +10x™2 + 13x
If we donOtare about the remaindea, we write:
6x3 + 13x2+ 13x + 7
2x+ 1

= +3x*2 + (..)

6x3+ 13x%+ 13x + 7 .
X+ 1 'S
not exadly equalto +3x*? since there was a remainde.
b If we decide to continue the division,we start a new cycle
CYCLE 2. Step |I. We bndthe second mononial in the quotient by shat division

where we write + (...) asa reminder that

| 3x2 + 5x
X+ 1 6x3+ 12+ 13X+ 7
"oex3 " 3x2
10x2 + 13X

Step |l. We get the second opposite produd by writing the opposite
of the result of the full multiplication

| 3x2 + 5Bx
2X+ 1  6x3+ 132+ 1+ 7
"oex3 " 3x?
10x2 + 13x
" 10x2 " 5x

Step I1l. We get the second remainde by oplussingthe br second st

opposite product
| 3x% + 5x
2x+ 1 6x3+ 132+ 1%+ 7
"oex3 " 3x2
10x2 + 13x
" 10x? " 5x
8+ 7

Step IV. We decide if we want to stop or continue the division
b If we decide to stop the division,

I the quotient of the division is +3x*2 + 5x .
I the remainde of the divisionis +8x + 7
If we donOtare about the remainde, we write:
6x3+ 132+ 13x + 7
X+ 1

= +3x%2 + 5x + (...)

6x3 + 13x2 + 13x+7i

where we write + (...) asa reminder that
2x+ 1

S
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not exadly equalto +3x*? + 5x since there was a remainde.
b If we decide to continue the division,we start a new cycde
CYCLE 3. Step I. We bndthe third monomial in the quotient by shat division
3% +5x+ 4

[
2x+ 1 6x3+ 13x%2+ 13+ 7

" oex3 " 3x?
10x2 + 13X
" 10x? " Bx

8+ 7

Step 1l. We ge the third opposite produd by writing the opposite of
the result of the full multiplication
3x2 +5x+ 4

!
2x+ 1 Bx3+ 132+ 13+ 7

"oexS " 3x2
10x2 + 13x
" 10x2 " 5x
8+ 7
" 8x" 4

Step I1l. We get the third remainde by oplussingthe third opposte
product
32 +5x+4

!
2x+ 1 6x3+ 132+ 13+ 7

"Bex3 " 3x2
10x2 + 13x
" 10x? " 5x
8+ 7
" 8x" 4
3

Step IV. We decide if we want to stop or continue the division
b If we decide to stop the division,

I the quotient of the divisionis +3x*? + 5x + 4 .

I the remainde of the divisionis +3

If we donOtare about the remainde, we write:
6x3+ 13x2+ 13X + 7

= +3x*2 + 5x + 4+ (...
2X+ 1 G

6x3 + 13x% + 13x + 7 s
2x+ 1
not exadly equalto +3x*? + 5x + 4 since there was a remainde.
b If we decide to continue the division,we start a new cycde

where we write + (...) asa reminder that
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¥ When writing the partial remainders, we do not write the monomials
beyond those that result from subtracting the partial product.
EXAMPLE 12.

| H4x +3
" 3x% +5x " 2 " 123 +11x? " 16X +1
First opposite partial produd: ~ +12x3 " 202 +8X
First remainda: " Ox? " 8x
Second opposite partial produd: +9x? " 15x +6
Second remainde: " 23X +7

The danger here is that, when we do the next subtraction, we may sub-
tract from O rather than from the monomial that was unwritten in the
partial remainder.

18.6 Division in Ascendi ng Powers

One major di"erence between arithmetic  and pol ynomial algebra is

that:

¥ In arithmetic , the basein the powersis always larger than one Nin our
caseit is ten but, for instance, computer sciences usetw o, eight
and sixteen aswell.

¥ In polynomial algebra , the base in the powers can be smaller than
one as well as larger than one and, while this has no e"ect on the
procedureswe usefor addition, subtraction and multiplication, whether x
standsfor numberslargerthan 1 or smaller than 1 makesall the di"erence
in the caseof division.

This is becausedivision usually doesnot stop by itself and we haveto decide

whento stop it. But we want to make sure that, after we have replacedthe

unspecibPed numerator by a specibc numerator, what we kept of the quotient

will give us most of what we should get so that we want the size of the

successie resuts to go diminishing.

Now, as we already mentioned in Chapter 15, Section 2,

¥ When x is to be replacedby a numerator that is going to be largein size
we will want the Laurent polynomial to be written in des@nding order
of expnents

¥ When x isto bereplacedby a numerator that is goingto be small in size
we will want the Laurent polynomial to be written in asending order of
expnents

As a result, we needto be able to divide in asending order of exponerts

as well asin desending order of exponerts. Fortunately, the procedureis

exactly the same.
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" " R2n on3
EXAMPLE 13. In order to compute 12+ 23" h"" 2h

, we divide" 3+ 2h into

"3+ 2h
" 12+ 230" h2" 2hs:

, 4 " 5h " 3h?

" 3+2h "12 +23h " h2 " 2h3
First opposite partial produd: +12 " 8h
First remainde: +15h " h? " 2h3
Second opposite partial produd: " 150  +10h?

Second remainde’: +9h? " 2h®
Third opposite partial produdt: " 9h? +6h3
Third remainde: +4h3

¥ If we decide to stop the division,

D the quotient of the divisionis +4 " 5h" 3h? .

P the remainde of the divisionis +4h% . Obseve that if we replace the un-
specibed numerator h by, say, 0.2, then the remainde is equal to 4 ¥0.23 =
4%¥0.008= 0.032which is indeed small.

If we donOtare about the remainde, we write:
" 12+ 23" h2" 2h®
"3+ 2h

= +4" 5h" 3%+ (...

" 12+ 23n" h?2" 2h3

"3+ 2h
equalto +4 " 5h" 3h? since there was a remainde.

¥ If we decide to continue the division,we start a new cycle

where we write + (...) asa reminder that

is not exadly



