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0. Introduction.

The conventionaapproachto the teachingof the first year calculusis currentlybasedon a
conception in which it is made to depend, from the outset, whether expbicithyplicitly, on the
notion of limit. Thatthis approachs by no meansthe only possibleone, let alonethe most
desirableone,hasbeencompletelyforgottento the point that limits are now consideredo be
absolutely indispensible to the comprehension of the calculus.

For the pastseveralyears,we havebeendevelopingan approachto the differential calculus
based orLagrange'sdeathat a function canbe studiedlocally throughits Taylor approximations
obtained directly from its definitidn We illustrate some of theain points of this approachin the
caseof polynomial functionsbut it shouldbe clear that the sameideasapply to "all" other
functions. We will briefly indicate how to obtain approximations in "all" cases.

Someof the pedagogicahdvantagesf Lagrange'siewpoint, the single most importantof
which is that itempowerghe students by not reducing the calcutua cookbook,are describedn
F. SchremmerandA. Schremme(1989a). SeeF. SchremmeandA. Schremme(in press)for
someaspectgpertainingto "calculusliteracy”. F. Mattei & A. Schremmer(1988 a, b, c) are
taskbook implementations of Lagrange's appréach

1. Best Polynomial Approximations.
Considera function f which, for the sakeof simplicity, we assumeto be polynomial,and

suppose that we are interestedhe numericalvaluesof f whenx is near xo. We beginby local-
izing f atxo, that is by expressingx) in terms ofx Bxg. Suppose that we obtain something like

f(x) = 102.7+ 0.473k Bxg) + 2.17& Dxp)2 + 3.14159k Dxg)3 + ...
or, settingx =Xg + h,

f(xo + h) =102.7+ 0.47h + 2.17h2 + 3.1415%3 + ...

1 In the January-Februarni 988issueof FOCUS,mentionis madeof a 1987 MAA Award for Expository Ex-
cellencethe GeorgePolyaAward for articlesin THE COLLEGE MATHEMATICS JOURNAL, to Irl. C. Bivensfor
"What a TangentLine is Whenit isn'taLimit" in the March 1986 issue, pagesl133-143.The committee'scitation
is quotedin partas:"By definingthetangentline asthe bestlinear approximationto the graph of a function neara
point, [Bivens] has narrowed thgap, alwaystreacherougo studentspetweenan intuitive idea and a rigorous defi-
nition. Thesubjectof this article is fundamentato the first two yearsof college mathematicand shouldsimplify
thingsfor students....(Emphasisadded).Lagrange'sapproachs of coursejust the extensionof this ideato best
approximations of any degree. In other words, what we are really dealing with are jets of differentiable functions.

2 The interested reader is invited to write us for copies of any of these.



If we only wantto haveanideaof thevalueof f(Xp + h), we canapproximatef(xg + h) with
constantfunctions, the simplest non-zero functions:
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To see howi(xg + h) varies, we usaffine functions, the simplest non-constant functions:
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We can also approximatef(xg + h) with quadratic functions, the simplestnon-affine
functions. Thus, we might usg (h) = 100+ 0.5h + 2h? but the bestquadraticapproximationis

Ox,(h) = 102.7+ 0.473 + 2.1? as the error is now "in the thousandths".
More generally, suppose that we have

f(xo + h) = fxo(h) = Ag +Ath+AR2 + .+ Apxd + ...

To obtainalocal graph of a polynomialapproximatiorfy ,(h) of f(xo + h) nearxo, we first
draw the constant functidg , (h) = Ao, thenthe linear function Iy, (h) = A;h usingthe graphof k

as "base line", and then the parabolic fungtigy(h) = A>h? usingthe graphof the affine function
axo(h) = Ag +Ah as base line, etc:
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The constantfunction givesthe part of f(x) dueto thevaluechangechange
kxo(h) =Ap dueto thevaluechange asx changesawayfrom xq,
givesthe part of f(x) asx changes.awayfr_om X0-
dueto thevalueat xg. The parabolicfunction
The linear function Px () = Agh?

I'xo(h) =Ath givesthe part of f(x)



Altogether, we get
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which gives a graphic representation of the polynomial approxinigti¢n).

2. Qualitative Analysis.

Much of what we dan calculusconsistsin usinginformationat a point to obtaininformation
nearthatpoint. We first give elementarydefinitionsof the usualfeaturesof a function and then
necessargndsufficientconditionsin termsof Taylor polynomialapproximationslt is usefulto
keep in mind that, amonrgl power functions,constantand linear functionsare pathological Here,
and again for the sake of simplicity, we assug® be neither a pole norat

The zero function has no sign. So, we definesthe of f near Xy asthe way f(x) differs from
the zero function on each sidexgf For example, sighnearxg is (+,D) iff(xX) > 0 whenx < xg and
f(X) < 0 whenx > Xg. To find howf(x) differs from the zero function, we just need tinst non-zero
term in the Taylor approximation. Indeed, because the terms arderof descendingmportance,
and are so by orders of magnitude, none of the further terms in the Taylor polynonaitiéctthe
sign as given by the first terfhus, the sign df nearxg is determinedoy the way the LeastNon-
Zero Approximationof f(x) differs from the zero function and sincethe LNZA is "usually" the
constant pard; = f(xp), we get the

SIGN THEOREM. Whenf(x) is neither0 nor ¢ at xg, f(X) is "even signed". Moreover,
if f(X) is positiveat Xy, then the sign di(x) nearxg is (+,+) and sd(x) is positivenearxg
if f(X) is negativat xg, then the sign di(x) nearxg is (D,D) and d¢x) is negativenearxg

Whenf(x) is either O og, f(x) nearxg canbe evenor odd signedandthe "unusual”pointsfor the

sign are thus the poles and the zerd§9Rwhether finite or infinite.
Similarly, we definethe variance of f near Xy as the way f(x) differs from its bestconstant

approximatiorky ,(X) on each side of. Then we need only approximd(gy + h) to the first non-
constanttermto find the varianceof f nearxg. Thusfy,(h) = Ag +Aph" + ... showsthatXxg is a
monotonicpoint with variance(! ,' ) or (i ,i ) or a turning point with variance(i ,' ) or (1 ,i)
depending on the parity ofand on the sign d,. The LeastNon-ConstanfApproximationof f(x)
is "usually" the affine partAg +A;1h and since, anticipating on the definition of the derivatme,
haveA; =f'(xp), we get:

VARIANCE THEOREM. Whenf'(x) is neither0 nor ¢ at o, f(x) is monotonic Moreover,:
if f'(X) is positiveat xg, then the variance ®fx) nearx is ( ,' ) and sd(X) is increasinghearxg

1 We usethetermfor the sakeof terminologicalsymmetry.



if ' (X) is negativeat Xg, then the variance 6fx) nearxg is (i ,i ) andsof(x) is decreasingear
X0

Whenf' (X) is either 0 ok, f(X) nearxy can be either monotonic or turniagd the "unusual”points
for the variance are thus the poles and the zeroégfthat is the critical points d¢x).

From a different viewpoint, we define tbptimization of f nearxg as the wayf(xg) compares
with f(x) on each side of. Thusfy(h) =Ag +Ash" + ... showsthatxg is a "saddlepoint™ with
optimization (min,max) or (max,min) or an extreme point with optimiz&tmen,min) or (max,max)
depending on the parity afand on the sign d&4,. We get:

OPTIMIZATION THEOREM. Whenf' (X) is neitherO nor é at xo, f(X) has asaddle pointMore-
over,

If f'(X) is positiveat X, then the optimization of(x) near > is (max,min)

If '(X) is negativat xg, then the optimization of(x) near X is (min,max)

Whenf' (x) is either 0 ok, f(X) can have either a saddle point or an extreme poitithe "unusual”
points for optimization are thus the critical point$(aj.

Finally, we definethe concavity of f nearxy asthe way f(x) differs from its bestaffine ap-
proximationay ,(X) on each sidef Xx,. Thenwe needonly approximatef(xp + h) to the first non-

linear termto determinethe concavityof f nearxp. Thus,fy,(h) = Ag +Ath+ ...+ Ahn + .
showsthat xg is a "curling” point with concavity(sege) Or (*&,°&) or an inflection point with
concavity §o, &) or ("& go,) dependingon the parity of n andon the sign of A,. Sincethe Least
Non-Affine Approximation is "usually" the quadratic pAg+A;h+ Azh? and sinced, = f* (xg)/2,
we have:

CONCAVITY THEOREM. Whenf" (x) is neither0O nor é at X, f(X) has a "curling point". More-
over,

if f* (X) is positiveat Xg, then the concavity dfx) is (o9 and sd(X) is concave URearXxg

if f* (X) is negativet xg, then the concavity dfx) is (*&,*&) and sd(x) is concave DOWN
nearxg

Whenf" (x) is eitherO or é, f(x) canhaveeithera curling point or an inflection point and the
"unusual” points are thus the poles and the zergx)f that is the critical points d¢f(x).

Example 1 Letf(x) =x3 D6 +9x. If we want to look af(x) whenx is nearx = 0, we just
write f(X) = X D6 +x3 = 9 + ... which shows thag = 0 is a zero of and that sigrf near
Xo is (B,+).If we wantto look at f(xX) whenx is nearxy = 3, we setx = 3 + h andexpand
which givesf(3 +h) = (3 +h)3 B6(3+ h)2 +9(3 + h) = 3h2 + ... which showsthat 3 is a
zero of order 2, with sign (+,+) , and therefore a minimum.

3. Quantitative Analysis.

Thusfar, by looking at the principal part of a function, we were able to obtain qualitative
information. Here, we don't just agkf is increasingor concaveup neara point X but how much
so. We must therefore tak&to consideratiorthe partthatis small comparedto the principal part
and which we represent by the ellipsis ' Justrecognizingthe existenceof this small part allows

1 Here again, we wanted a term for akeof terminologicalsymmetrybut we are not really satisfiedwith it
asit usually impliesthatxg is critical; we use critical saddle in that case.



us, in contrast with the conventional approdotfully defineall the usualnotions.For instancejn
the conventional approach, we define

|
limyao f(X) =L iff " #31 0<|xDxy|<$ % [f)DUY<"”
but once we decide, as in the usual "intuitive" presentation, to ‘av@idds's, we are left with
limyg, f(X) = L iff

that iswithout eventhe appearancef a definition andwith nothingto fosterand supportan intu-
ition of the meaning of ligg f(X). On the other hand, if we separatef(x) the partwhich is finite
from the part which is vanishingly small, then, wixeapproaches, thefirst partgivesthe limit
because the second part approaches 0. Specifisallpcalizef(x) anddecomposé(x; + h) asL,
the constant part plus a remaingggh), that isf(xy + h) = L + Rg(h), and then, wher approaches
X0, We get

Mg () = limnaa f(xo + h)
=limp@ [L + Ro(h) ]
=limpgL + limrg Ro(h)
=L + limhgRo(h)

and to say that ligeg, f(x) = L is to say that limgg Ro(h) = 0. We thus have

My F() = L iff fxo+h) =L +...

which we interpret as saying that, wheis nearxg, f(xo + h) is equalto L plus "somethingsmall”
andthis is an operationaldefinitiont. Moreover,note that,in orderto preventstudentsfrom

identifying the limit of a function at a point with the valuetioé function at that point, it sufficesto
require sidedlimits andthat theseare easily obtainedby looking at the least non-constant
approximation. In the same manner as above, we have

f is continuousat xg iff limyaq f(X) = f(Xo)
which, again, once we decide to avogdands's, leaves us with

f is continuousat xg iff

andthe notion of continuity becomesessentiallya primitive onewhoseunderstandinglepends
solely on the students' intuition of the expressiondigif(x), if any,andon whateverconnotations

the word 'continuous' may have. On the other hand, localizing and deconfpqsing),

My f) = limna f(xo + h)

1 We shouldkeepin mind, though, that we are not dealingwith a seriesthat is with the limit of an infinite
sumasthis would involve taking the limit of Rpy(h) asn approacheg. For a treatmentof calculusbasedon power

seriesseeH. Levi, (1968).



= limpag [f(Xo0) + Ro(h) ]
= limna f(X0) + limha Ro(h)
= f(x0) + limnha@ Ro(N)

so that, to say that ligag, f(X) = f(Xo) is to say that limg Ro(h) = 0, and we have

f is continuousatxg iff f(xo + h) =f(xg) + ...

which we can interpret axp+h) is approximately equal Xy ): A CONTINUOUSFUNCTION IS A
FUNCTION THAT IS LOCALLY APPROXIMATELY CONSTANT which againis an operational
definition. We then have, similarly,

f is differentiable atxg iff f(xo + h) =f(xp) + lIh + ... for somel

which we can interpret afXy+h) is approximatelyequalto f(Xg ) plus a linearterm: A DIFFER-
ENTIABLE FUNCTION IS A FUNCTION THAT IS LOCALLY APPROXIMATELY AFFINE..

Example 2.Let f(x) = x3 D62 +9x. To obtain theequationof the tangentto the graphof f
near 2, localize, that is sét 2+h to obtainf(2+h) =f,(h) = (2 + h)3 BD6(2 + h)2 + 9(2 +
h)=[8+12h+...] D6[4+4h + ...] =-7 + 3h ... so that the bestaffine approximationof
fo(h) isay(h) = +2 B B. We get theylobal equation of theéangentby "delocalizing"a,(h):

t-(X) = a,(xD2)=+2D3(x B2) = DX +8.

We call the coefficientof the linearterm linear rate of changeand we then define the
derivative of a functionf as the functiofi whose value atj is thelinear rate of changeof f at x.
Thus, whenever we are able to decompose a furfctiba pointg asf(xp + h) = fyx,(h) =Ag + Ash

+ ..., we obtain the value of the derivativd afxg as the coefficiend;. This makesit quite simple
to obtain the derivative of a function "from first definition".

THEOREM. (xn)' = na xnP1
Proof. Localizef(x) = x" atXy. By the binomial expansion theorem,
fxo() = (o + h)" = xo" + noxg"PB h +[ne (ND1)2]ex"P2...
so that the linear rate of chang@&dsy"®1which gived' (x) = noxnP1
At first glance though,it seemghatthereis somethingunsatisfactoryaboutusing the linear

rate of changé, and that what we really want to use isitigtantrate ofchangelimyg, " X" y. In

the case of an affine function there is no difficulty since the average rate of tlenvgenany two
pointsx; andx; is independent of; andx, and equal td\;. So, whateverthe definition of limya,,

1 Observethat this is in fact the way differentiability is definedin higher dimensions See, for instance,
Williamson, CrowellandTrotter (1968).



the instant rate ofhangeis equalto the linear rate. We thendefinethe instantrate of changeof a
function as that of its best affine approximation! Incidentally, the direct proatthatstantrate of
change as usually defined is the same as the linear rate of change is trivial:

liMyixp " Y/ X = limpeo { [fxo(h) Dfx(0)] /h}
= limpop { [Ao + Ach + Agh2 + Agh3 ... PAG] / h}
= limni {[Ach + Aoh2 + Agh3 ...]1/h}
= limp { Ay + Aoh + Agh2 ... }
=A

Theusualrulesarealsoprovenquite easily.For instancethe chainrule goesas follows. As-
sume that is differentiable axp:

f(xo + h) =1f(Xg) + ' (x)h + ...
and thag is differentiable at(xp):
9(f(x) + k) =9(f(x0)) + ' (f(x0))k + ...
Then, to show thalf is differentiable akg, we must evaluaterf](xo + h).
[gof](x0 + h) =g(f(xo + 1))
=g(f(xo) + f' (xg)h + ...)
= g(f(x0) +k)
wherek =f' (Xg)h + ... sothat
[gof] (0 + h) = g(f(x0)) +g'(f(x0)) k+ ...
= 9(f(x0)) +g'(f(x0)) [ (o) + ..] + ...
= 9(f(x0)) +g'(f(x0))f (xo)h + ...
which shows thatgef]' (xg) = g'(f(%0))f' (X0)-
Higher derivatives can be definedluctivelyas usual but alsdirectly. For example the second
derivative off(x) = x" is thederivativeof f'(X) = nax"®1 Localizeat xy. By the binomial expansion

theorem,

f'(xo +h) =no(Xg + h)"P1=no[x"P1+ (ND1pXg"®2h + ...] = noxg"PLl+ no(ND1px"P%dh + ...

so that the linear rate of changd'as ne (ND1pxg"P2which gived" (x) = ne (nD1p x"P2



Observe, though, that this is twice the quadratic coefficidigrn+ h) so thatwe candefinethe
second derivative, as well as tide others,directly from the polynomial approximation.Thatis, we
can write

f(xo +h) = f(xg) + ' (Xo)h + f* (Xo)h2/2 + T(3)(xg)h2/2 + ... + F(N) (xo)A/n! + ..

4. Remainder Theorems.

Varioustheoremgakea simple, naturalmeaningwhich is to provideinformation aboutthe
remainder. When, for instandeas differentiable, the Mean Value Theorgmesus informationon
how fasttheremaindermpproache® by sayingthatthe remainderRy(h) in f(xg + h) = f(xg) +
Ro(h) is of the formhaf' (c) with ¢ betweenky andx and thisis indeedthe form in which the Mean
Value Theorem is actually used:

f(Xo + h) =1f(xp) + haf'(c) with c between andx.

Actually, the Mean Valudheoremis a specialcaseof Taylor'sformula with remaindemwhich,
significantly, is actually due to Lagrange and which is also often called the Extended Mean Value

Theorem: wheffiis C"* 1, the remaindeR, (h) in
f(Xo + h) = f(xg) + hof' (Xo) + ... + hnaf(N)(xg)/n! + hn*1s Ry (h)
is of the formR,, (h) = f(n+1)(c)/(n+1)! with c betweenxy andx:

5. Applications.

The main applications of the differential calculus are optimization and graphing. Exeiemes
found by analyzing critical pointsut herewe cando it in severalways: aswith any point, we can
expand the functiohitself or we canexpandthe derivativeof f near X, andthenrecoverfrom its
sign near xg the information aboutthe varianceof f nearxg. We canalsolook at the second
derivativewhose sign aty gives the concavitgearxy and, even if" is 0 atxg, we canexpandit to
get its sigmearxg and therefore the concavity fofiearxg. We give an example of graphing.

Example 3.Consider the functiof(x) = (xB2) / ¥2D1). Tographf, we approximatef near
its essential point®, and the poles 1 and +1.

fo(¥) = 1k + ...,

f(D1+h) =fg(h) = 3/2h +..., so that, from a global viewpoint, near 49, # 3/2(+1)
f(+1+h) =f,,(h) =D1/& +..., so that, from a global viewpoint, near #g) # D1/2¢-1)

We then sketch the local graphs and interpolate smoothly:
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Thusf must have a minimum somewhere between B1 and +1, a zero somewhere+ight of
a maximum somewhere rigbt the zeroand an inflection somewhereight of the max-
imum.

6. Fundamental Theorem.

We consider the followingnitial value problemin termsof finite differences:given a function
f(x), find the value at; of afunctionF(x) suchthatF'(x) = f(x) givenF(xp). If we assumehe
existence of an antiderivatiVgx), we have immediately from our definition of differentiability

F (%o + h) BF(xo) F'(xo)h + hoy[1]
f(xg)h + hoy[1]

, We continue step by step until we reack xg + nh:

D

Then, takingh =

F(xo + 2h) DF(xg + h) = hf(xo + h) + ho,[1]
F(xo + 3h) BF(xo + 2h)= hf(xo + 2h) + hoz[1]

F(Xo + nh) DF(Xp + (nD1)h)) =
Adding and cancelling on the left, we get:

hf(xo + (N D1)h) + hon[1]

F(. Fx,) DF(x)) = hi:g)h%(xo!ﬂih) +hi§20i[1]
i=0 i=1

i=n
This is always true but the teing, o;[1] is extremely complicated tevaluate So, we havea good
i=1 .
=N
reasonto let n approaché. Clearly, for f(x) smoothenough,h&, o;[1]
i=1

approache® asn

approaches and thus we obtain

X1 i=nb1 i=nb1
Flo = lim o &Tool+lin) =lim . &M(x),
i=0 i=0

1 In comparingsmall quantities, it is convenientto introduceLandau's"littte oh" notation. Given two
functionsf andg with g(0) $ O, if Iimhcgf(h)/g(h) =0, thatis if, ash approache®, f(h) approache® fasterthan
g(h), we shallsaythatf(h) = o[g(h)] nearO.



i=nb1
where &, 'f(x) is calleda Riemannsum,andwhich we cantheneasilyinterpretgeometricallyas
i=0
!Xl
the approximationof ( f(x)!dx, the areaunderthe graphof f. We thus have the Fundamental
Xo
Theorem:

Ixo
FoOhg = (f(ordx

X1

7. Approximation of Non-Polynomial Functions.

To conclude, we should observe that nothing in the preceding depenideeiiog apolynomial
function otherthanwe approximatedy truncation.The only questionthat remainsis to indicate
how to get the polynomial approximationof "all" functions".In the caseof polynomialfunctions,
we obtainedtheseby truncatingbinomialexpansionsln the caseof rational functions,we obtain
them by division of polynomials in both ascending order near 0 and descending pearérs-or
"all" other functions, we obtain the approximation by the methathdétermineatoefficientsfrom

the functional equation, algebraic or differential, of which they are the sédlutieeF. Schremmer
and A. Schremmer (1989 b) for a more detailed exposition.

It is interestingto observethat the polynomial approximationsalreadyhavemany of the prop-
erties of the exact solution.

Example 4. To gete?e® = ea*b, multiply 1 + a+a2/2! + a3/3! + ... by 1 + b + b2/2! +
b3/3! + ... ; this gives

e =1 +a +a22!+ad3! + ..
+b +ab +azb/2!l + ..
+b2/2! + abk?/2! + ...

+b3/3! + ...

And since' ... "' standsfor finite remaindersand not for infinite tails, we can commute
additions to get:

=1+ a+ b+ a2f2! + ab+b2/2!+ a3/3! +a3 + a2b/2! + ab?/2! +b3/3! + ...

=1+ (a+b)+ (a2 + 2ab +b2)/2!+ (a3 + 3a2b + 3ak? +b3)/3!+ ...
=1+ (a+b)+ (a+hb)2/21+ (a+b)3/3! + .. =eath

Finally, note that we have no need for L'H™pital's rule.

Example 5. Considerthe following completelist of examplesof applicationsof
L'H™pital's rule taken from a popular textbook.

1.limyg Sinx /x 2. limyag2 [1Dsix])/cosx 3.limyg [eX D 1]K3

1 Eventherigoroustreatmenis muchsimpler that way than the conventionalone. Seefor instance Sections
4-1,2,and3in S.Lang(1976)or Section4-8 andexercise3in R. L. FinneyandD. R. Ostbey(1984).



4. limyg [1 D cogl/x2  5.limyqg e/x2 6. limyges X 4/3/sin(1K)
7.limyq tan/x2

Now, with the exceptionof 2. and6., the limits are obviousassoonas we replacethe

functionsby their polynomialapproximationsas found by the methodof indeterminate
coefficients. But, of course, this is exactly what L'H™pital's rule doe®. &ad 6. it would

seemthat we havea problem since the polynomial approximationgor trigonometric
functions are only good near 0. However, 2ome naturally localize, that is we setx = %/2
+u and for6. we naturallyinvert, thatis we setv = 1/x after which we canusethe polyno-

mial approximations.
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