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D1.INTRODUCTION . Many reasonshavebeengiven asto why somany (50%) of our stu-
dents failcalculus:lack of relevanceof the subject,poor preparationjack of motivationhavebeen
cited. It is our belief that this is mainly because calculyssisplain difficult: unlike other subjects,
algebra included, imvhich oneis introducedprogressivelycalculusis brutally difficult, right from
the start. Limits, continuity, differentiability are introduced in the first weeks ofdloeseand, if
those conceptsare not masteredmmediately,it is impossiblefor the studentsto function
intelligently. Many of thosewho do passthe coursein fact do so only becausethrough patience
and disciplinethey havebeenableto mastersomebasictechniquesBut, really, they failed the
subject.Besidethe inherentdifficulty of calculus,anotherreasonfor failure is that unlessone
knows already calculus and, in fact, a good deal more thari tisadiifficult, the way mostcalculus
textsarewritten now, to seein calculusmorethana disconnectedetof topics collectedthere
because of a set of common techniques used to study them.

Whatwe proposehereis a unified, progressiveapproachthroughoutcalculusso thatwe can
provide a mathematicainvironmentsufficiently structuredthat the studentscanfeel secureand, at
the same time, take an active part in their learning ingteadlving passivelyexcruciatinglyboring
routine exercises.

The themehroughoutis that of local approximationand,from there,attemptsat globalization.
Roughlyspeakingit is generallyagreedhatfirst yearcalculusis aboutthe calculusof functions

from R to R. In otherwords, one wishesto calculatewith functionsand to understandheir
behaviour. Because of the great variety of possible behasimeforrowsfrom numbertheorythe
idea of approximating irrationals by, for example, their truncdemimalexpansionBecausehe
truncated decimal expansion has finitely many terms, it is a finite combinatiermfof the form

#1 &k
10K or !E%" wherek is any integer!0. Supposethat we truncatethe expansionof a positive

#1 &n
irrational at thenth decimal, then the error made in the approximation is smallqug‘i. A better
approximation is obtained by truncating one decimal furdimeithe new approximationis equalto

#1&n+1
the previousoneto which is addeda multiple of !%’ , the approximationsare "nested".By

analogy, given a functioip we will try to approximate it near a poixy, aswell aspossibleandin a
sense which we will make clear later on. We will do so by using functions as sisgussible At

first, we try constant functions, in other words polynomials of degree 0. If, by our staradgods]
approximation is possible, thérs continuous at,. If an approximation by polynomial of degree
1 in (xBX,) is possible, thehis differentiable and so dout the approximationwill alwaysbe using

a finite numberof terms, the various approximationsare nestedin the sensethat the nth

approximation is the sum of thef{1)h approximation and a multiplef (xBx,)". The newly added
termis smallerby anorderof magnitudethanthe previousonewhenx' x,. The gaugefunctions

for our approximations are from the $€xbx,)"}, n aninteger!0. (Suchpolynomialsare nothing



but the Taylor polynomials or jets wariousorderfor f at x,.) For everyapproximationone asks:
how well doesthis approximatiorreflect: the numericalvalues,the geometricaland topological
propertiesof f in a neighborhoodf x,? What canbe said of thosefunctionswhich enjoy such
approximation at each point of an interval?

But, very quickly,one discoversthat somevery desirablenon-pathologicafunctions,for in-
stance rational functions near their poles, cannot always be well approximated by polynomials. so

one is led naturally to enlarging the set of gauge functionsd®j(} n( Z.

1
One is also very interestdy whathappensasx' z". By letting t=; , onereduceghe prob-

lem to the studyof the behaviourof f atthe origin but, hereagain,the needto extendthe set of

gauge functions igery clear: neitherex nor logx canbe decentlyapproximatedyy polynomialsat
". So,dependingon which function onewishesto study,onemay addto our setof gaugefunc-

tions, for instancey X, (logx)*, x*, where) , *, +( Q, together with their products.

This approach of systematically expanding functions goéar dmck as Lagrange(1797). His
goalwasto algebraizecalculusandfree it from "any considerationof infinitesimals,vanishing
guantities, limits and fluxions and reduce it to the algebraic study of §oaatitieS. Eventhough
Lagrange's great contributiots mathematicsverein mechanicsl.agrangewantedthe calculusto
be developed for solving problems in geometry first and only then in mechanics.

One maywonderwhetherLagrange had he not had his vision of derivativesas coefficientsin
power expansions, could have developed the Calculus of Variatdasas he did. Unfortunately,
insteadof usingfinite expansionsl.agrangeusedinfinite formal power serieswhich were not
understoodintil atleasta centurylater (and herewe must disagreewith Robinson'sreadingof
Lagrange: Lagrange wagry awareof the differencebetweena C* function andan analyticone).
What madethe matterfar worse was that Lagrangethought every continuousfunction was
piecewise C. Eventhougha modificationof his method,the methodof asymptoticexpansions,
which is the one which we presenthereis easyenough,has all the advantagesf Lagrange's
approach, is used extensively in ODE, in Mathematical Fluid Mechadnitsiential Topology and
Number Theory, it never regained its due place in the exposition of elementary calculus.

The first part of this course will be devoted to a presentation of the mathematical frarfre@ork
from pedagogical concerns, while the second will present a model for a possible implementation.

0. TooLBOX. Our approximationwill mostly use polynomials.Thus our tools really are
mainly in the algebra of polynomials and, in particular, mostly multiplication and division.

We will need:
N The binomial theorem

N Two ways of dividing polynomials. We will usenewhen|x| ' " andthe otherwhenx #
0. this parallelsthe way onedividesnumbersany number(assumed0) is the sumof aninteger
and of a number between 0 andAb. integer,whenwritten in basel0 is a combinationof powers
of 10 ordered bylecrease@xponentsand also decreasingrder of magnitudethe first one being

the dominant one. For example, 1,349 = $3¥1B¥16@ + 4¥13 + 9¥10 and1,349# 103. On the

1
otherhand,a numberbetweer0 and1 is written in basel0 asa combinationof powersof 15
orderedby increasingexponentsut also by decreasingrder of magnitudeand, again,the first



#1
non-zero term is the dominant one; for example: 0.0851—0%92 + O¥ Lo + 8¥ Lo + 5¥

3 #1 2
and 0.085 # 8§ :

For|x|' ", 1CxCx2..., hence, to divide two polynomials fgr'| ", one orderstheir terms
by decreasingexponentsand one performsthe division to get a polynomialin x but, if the
remainder is not O, it is often very useful to have also at least one non-zero "decimal”. For example,

2 1 1 . - . , .
2X =1! w+————= K" ", where 1is the principal part, 1 is the "first decimal’”,
xX“+1 X° xX(x°+) NG

1 ) .
and———— is the remainder.

X2 (X* +1)

On the other hand, whet# 0, 1&EX2 ... , thuswhenorderingthe termsin decreasingrder of
magnitude, the exponents are increasing:
4

X __ X 2y X X # 0, where is the principal part
X2 +1 1+X° 1+ X ’ principal part.

To facilitate things, we list here the various ways x,, Xis in aneighborhoodf x,, Xis
in one of the six following types of sets which will be made clear whenever needed.

X h =xBbx,

() — . ) ) —= . )
X B- %o Xo + - D- 0 .
(@ — o ) () —% o )
X B- Xo X t- b- 0 + -
16) . ) (3) . )
X X + - 0 + -
@ o ) @ o )
Xo X t - 0 +
( . (

1 (5) X ' (5) < ¢

% B- X b- 0

. (6) ¢ 0 (6) ¢ 0

: %o B- %o b-

.........................................................................................................................................................................................................................................

1. LIMITS AND CONTINUITY . Thefirst topics studiedin calculusare limits and continuity.
Let us review their definition and recast them in the context of approximation:

|
(*) limyg, f(X) =L iff . 1>0,0->0,. x1 O<[xDy|<- 1 [fxDUY</”



In other words, / > 0,0 a neighborhood of typ€) in which [f(x) PL| </ (If onewishesto
define one-sidedimits one considersneighborhood®f the form (4) or (6) andfor continuity,
neighborhoods of the form (1), (3) or (5)). This is equivalent to saying:

f(X) = L +Ry (%0, XEX)

Where| Ro(Xo,$<E)<O)| </ for any givernt > 0 in a small enoughneighborhoof x,, of type (2) or,
letting X = %+h, f(X,+h) = L¥1 + term negligible compared to 1.

Notation. i. Let g be a function defined in a neighborhoaidx,, we write g(x) = o(1) asx' X, ( X
being in oneof the six neighborhoodslescribedoreviouslyand which neighborhoodwill be cho-
sen accordingly in each context) if and only ifJdig g(x) = 0..

f(X
ii. fCgasx' X, if and only iff &)—()y =0(1),f is said to be negligible comparedytoc¢ 0.
limye, f(X) =L iff  foo+h) = L + Ry(x, ) with |Ry(%,,$)| Clash' 0

or, equivalently,

(**) limyg, f(X) =L iff  f(xth) =L + o(1)ash’ 0in aneighborhoof type(2).

Thus one reads the limit L as the constant term in the one-term exparf§ighlpf h' 0.

This is the definition of limit which we adopt hefeis easyto prove by contradictionthatif L
exists, it is unique and that it is thest constant approximationof f atx,, by which wemeanthat
in aneighborhoof x, any otherapproximatiorof f by a constanwill yield a largererror than

RO(X01 h)

Definition. fis continuous ax, iff f(x,+h) = f(x,) + o(1)ash' 0in (1) or

iff f admitsa Best Polynomial Approximation of degree0
(BPAO) in a neighborhood of typd).

Obviously,/sand-s or infinitesimals are hidden in o(1) and whatever rgwedemandsn the
courseis thereforereducedo showingthatsomefunctionsapproact0 ash' 0. It hasbeenour
experience that students react much more positive(y*fothanto whateverheuristicapproachof
(*) one takes. It should also be said, in favor of (**) that many computatiorfaragasierand that
they are reduced to manipulations of functions that are oflL) s The introductiorof o(1) helps
the students to develop a sense of what are the various order of magnitud&preasiorand that
is far more desirable than virtuosity at chopping epsilons. For example,

1. To showthatf(x) = x2 +2x D1lis continuousat x,, computef(x,+h), organizethe termsby
decreasing order of magnitudie, 0, and check thdx,+h) = f(x,) + o(1) ash’ O:



f(x+h) = (X+h)2 +2(x+h) D1
= X2+ 2Xh+h2 + 2x+2h D1=[X,2 +2X,D1]+h[2X,+2 +h].

The first term id(x,) and, as to the second term, it is easy to see or to prove that it isld(10.as

1 1
2. To show that(x) =35> is continuous foall X, %2, computef(x,+h) = XD 2Sh anddivide
in ascending powers of

1
X,D2
xP2+h | 1
h
1 +X0‘DZ
h

B2

so thaff(x,+h) = XOLDZ Dmﬂr:mﬁy for x, %2

The first term is indeeffx,) and the second term is o(fh), O.
Some properties ofo(1):

xB, =0(1), ax' X,

o(1)xo(1)=0(1),asx' X,

(o(l))) =0(1),.) positive rationalx' X,

Let g(x) beaboundedunctionin a neighborhoof x,; theng(x)o(1) = o(1) ,x' X, and,in
particular, if ¢( Rthen c¥o(1) = o(1x' X,

(1+o(l)y) =1+0(1), ) (ZX' X

These properties would not be proved in most calculus courses but once the studentsatealize
theo(1) functionsbehaveasfar astheir algebrais concernedlike the number0, they will have
understood the point and they will be able to effectively compute with limits.

From the properties of o(1) stated above, it is then straightforward to theeentinuity of the
sum,product,quotientandcompositionof functionsaswell as the continuity of polynomialand
rational functions away from their poles.

Another advantage of the definition (**) is that the theorem:

Theorem. If f is continuous ax, and iff(x,) > 0,thenf(x) > 0in an open interval containing,

is obvious when the continuity bfs expressed bigx) =f(x;) + o(1) asx' X,.



Continuity atx, is a local propertyand one would like to study the propertyof continuous
functions on amnterval (like, for instancethe Intermediatevalue Theorem).Clearly, the definition
of continuity atx, by the local existenceof a bestconstantapproximationis of no help, but it can
point very clearly where some of the difficulties are in proving a theorem like

Theorem. A continuous function on a closed bounded interval is bounded

but offers no help in the proof. Becausd is continuouson aninterval,say[a,b], . X, ( [a,b],
f(x,+h) = f(x,) + 0(1). Supposeéh is in a neighborhoodf 0 whosesize dependson x,, suchthat

1
0(1) <1p for example. If one knew that one could cowgl][using finitely many of thesatervals,

N
say N, then |f(x)Ef(a)| would be boundedby 75 and the theoremwould be proved,

thus, raising the possibility and desirability of a characterization of a dimsetledinterval by the
property that one can extract from any open covering a finite one, that is, we need compactness.

2. DIFFERENTIABILITY . We definedearliertherelation C: fQy, X X, (f is negligible com-

f(x)

pared tay in a neighborhood o) iff 9 = 0(1), X X. Thus, ifonewishedto improve upon

our previous approximation dfat x, by a constantfunction, it makessenseto look for f(x) in the
form

f(xoth) = *¥1+9(X,h) + Ri(x,h), b O

wherex = x,+h, *, (R andthe termsare orderedin decreasingrderof magnitude:1 E g(x,,h) E
Ri.(X,h), h' 0. Thereareinfinitely manychoicesfor g(x,,h) andfor the sakeof simplicity one

choosegy(x,h) of the form*;h, *; ( R notingthathC1,h' 0, andhenceR,(x,,h) = ho(1) andwe
define:

Temporary definition. f is differentiable ak, iff there exists,, *; ( R such that
f() = %o + *1(xBX) + (XDX)o(1), X X in (1)
or, equivalently,

f(xg+h) = *o + *,h +ho(1),h 0in (1)

Note that, ifh" 01in (3') or (5'), then one gets one-sided derivatives.
Because*;h + ho(1) = o(1),*, is the BPAO) and hence, = f(x,), we have:
Theorem. If f is differentiable ak,, then it is continuous a

Again, by contradiction, one proves thais uniqueandthat *, + *,h is the BPA(1) or Best
Affine Approximation (BAA) of f(x,+h), h" 0. In otherwords,any other affine approximation
will yield a worse remainder. Also,

. _ T+ h)! f(x)! ho@
v h




thus

FOo+M" T00)
h

“=lim,, ,

and one is entitletb call *, the derivative of f at x, andwhich we denotef'(x,) andthe definitive
version of the definition is then

Definition. f is differentiable ak, iff 0 a numberf'(x,) such that
f(X) =1(x0) + (%) (XBX) + (xBXo)0(1), X %o in (1)
or, equivalently,
f(x+h) = f(x) + f'(%) h+ho(1),h" 0in (1)

Thestraightline whoseequationis y = f(x,) + f'(X,)(X! X,) is, by definition calledthetan-
gent lineto the graph of atx, also called thesculating lineto the graph of at X,. Practically,to
compute the derivative dfatx,, one writesf(x,+h) as the sum of polynomial of degree Jhianda

remainder of the forrho(1); f'(X,) is then the coefficient df.
2]

Example. Find the derivative of (x) = X

x!2
(8+h)?*11 8+6h+h?
3+h! 2 1+h

atx, = 3.

f(3+h) =

and by division in ascending powers,

8 bh

1+h |8 +6h +h2
8 +8h

Ph +h2?

bh bh?

+3h?2

2 2
so thaf(3+h)=8! 2h+ 13rh where 8 =(3) and, sinc% =ho(1), B2 '(3). The equationof

the tangent iy = 8 D2(EX,).

Remark. Few instructorswould expect,at this point, their studentgo be ableto solve such a
problem without the help of the quotient rule but, in fact this methasdlationis fasterthanwhen
usingthe quotientrule andmoredesirablebecauséhe studentanfind easilyBAAs withoutthe
help of any rule in fact, mosif the usualrules canbe provednaturally by the studentghemselves
and with no trick.

Multiplication Rule:
[Fd(% +h) = f(x+h)¥(x + h)
= [f(x0) + f'(x0)h + ho(1)[¥B(x0) + g'(Xe)h +ho(1)] and, by multiplication,

= f00)900) + [ F0)g0¢,) + g ()]h+ h(o(1), h 0



Quotient Rule:

fOoS+8) $(x0)$+0x)h+$0(1)
905 B) = g0%)$+8 (xo)h+do(1) and, by division nascendlngaowers

f(x) 1 f(%)

a0x) g(xo)i o) o>g(x°)
00 + GO0 +ho(®) [Ty + TG +ho(1>
f(x) + EXO;g(xo)h + ho(1)
1'06) ~— D (x) [h +ho(1)

9(%o)

f(x) (%) (%) S-Hx%e)g'(%0)
ST

h + ho(1)

Chain Rule:

By the differentiability off atx,, f(),+h) = f(x) + f(%)h + ho(1), h' 0, and,by the differentia-
bility of g atf(x,), g(f(%) +k) = g(f(x,)) + g'(f(x)) k+ko(1),K 0. Then,

alfe+h)] = gff(x) +Kk| wherek = h[f(x,) + ho(1)]
Clearly, ifh" 0, then so dodsand hence if a function is o(1J, 0, thenitis o(1) whek O.

glfxerm] = 9(f(xe) +g'(f0e) hlf (x) + o(1] + h(f'(x,) + o(1))o(1)

=g(f(x)) + g'(f())xf" (x)h + ho(2), h' 0.

Local Results.Supposéd(x) is differentiable ak,, what can be obtained from it? Mdfrean before:
one can approximat#x, + h) by f(x) + f'(x)h with an error ho(1) for h small enough,but how

small is small enough? Smr presentknowledge asfar as numericalapproximationis concerned
is betterthan before but not sufficient. We still haveno bound on the error madein the

approximation. As far as thgeeometryof the graphis concernedyve arein the samesituation:for

example, suppose théfx,)>0. One candeducethat f(X) is largerthanf(x,) in someneighborhood
of X, but one cannotdeducefrom this that f(x) is increasingin the neighborhoodf x, unlessone

assumesfor example thatf'(x) is continuousBut it is easyto seethatin orderfor f(x) to havea

local extreme at,, f'(X) has to be O.

But what about the topology of the graph? The answer is given by the



Inverse Function Theorem.If f'(x,) % Qand if f(X) is continuousat x,, thenf hasan inverse,de-

1
fined in a neighborhood of§) and which is continuously differentiatffel(f(x)))' x = x, = %)

Or, in otherwords, letting 2 = PXx), thereexistsa changeof variable2, which is continuously
differentiable so that(2(x) = x and,locally, the graphof f canbe rectified (the rectification canbe

1
quite cumbersome. For examfi(e) = x +x*sirg ,x % 0f(0) = 0.)

Global results. To getthese we againuse compactness proving Rolle'stheorem.The Mean

Value Theorem then gives us the answers we need as it provides bounds on the error made when
approximatd(x, + h) by f(x,). It alsogivesasan easyconsequenc#hatif f'(xX) = 0 on (a,b) andif

f(X) is continuous ongjb] thenf(x) is constant, that if(x) > O thenf(x) is increasingand with some

work gives L'H™pital's rule.

3. HIGHER ORDER DIFFERENTIABLITY . At this point, one canfollow eitherone of two
courses. One can differentiate derivatives and define recurbi@g@ly (f'(x))' and soon and define:

fis n-times (iterated) differentiable at x, iff f(N(x,) exists.Or, one can pursuethe idea of
approximationusing as gaugefunctionsfor the approximationthe functions from the set e
={(xBX)"} nintegert 0 Note thatthe set is linearly orderedby Casx X, andthat it is closedfor
multiplication. By analogy with our treatment of differentiablity, one would like to defimen-
times (Peano)differentiable at x, iff there existsa polynomial of degreen, calledthe osculating
polynomlal such that

f(x)= # (X7 %) H(X" %,)"0@) XS X,

or, equivalently,
k=n

f(x,+h) =" 1 h +k"o@)h# 0
k=0
and, again, if(x) admits suclan approximationthe approximationis uniqgueandhence) , = f(x,),
) 1 = f'(Xp). It is thusnaturalto askwhetherthereis a further connectionbetweenthe the two

definitions of differentiability and, if yes, find threlation between)  andf(K)(x,). If fK(x,) exists

k=n | k
for k = 0 to n, thenit is reasonabléo considerthe Taylor polynomial" (xo)% asa

k=0
candidate for th@sculatingpolynomialbecausats n first derivativesat x, agreewith thoseof f at
%. In fact, one has:
k=n ( Xo)k
k!

Theorem.If %(x,) exists for k=0, 1, ..n, thenf(x)=" £ (x,)—2~—
k=0

+(x! %) 0()

Proof. Use L'H™pital's rule repeatedly on

k=n!'1

hk
o+ 1090x)

to get the result.



Ontheotherhand,the existenceof anosculatingpolynomialof degreen with n>1 atx, doesnot
insure the existence of any derivative of order >4,.at

A simple pathological case:

Let f(X) — §X3Sir§1$$$$ﬁ)
B03SSSSDELBTSSS

1
For x#0, f(x) = 0 + Ox + Ox2 +X2¥sirg

1 : f'(0)
where 0 =(0), & = f(0)x andx?¥sirm, =x20(1). Butis 62 equal to571~ ?

On the other hand,

1 1
f'(x)=! xcos— + 3x" sin—
X X

Consequentlyt™(0) doesnot existandcannotbe the coefficientof x2 in the osculatingpoly-
nomial.

This needsnot be a matterof concernfor usasit canbe shownthatif ) , existsin a neigh-

borhood ofx, and is bounded either from above or from below, thisrtlienth (iterative) derivative
of f. For our purposes, the two notions are equivalent.

Local results. Apart from a betternumericalapproximationfor f(x,), whathavewe gainedby
considering higher degree approximations? The notion of curvattie gfaphof f(x) at x, which
should be, whatever it is, the curvature of the osculating parabola.

Classification of critical points. From
2

h
f(o+h) = f(xo) + F(xo)h + f'(X0)21 +h20(1), ash'0
the second derivative test to classify the non-degenerate critical poingsativious.In fact, in the
context of approximation, the classification of all critical points is clear:

Let x, be a critical point of(x) which we will assume, for simplicity, to be C

Theorem. If the first non-zero derivative 6t x, is of odd ordery, is not a (local) extremum
If the first non-zeroderivativeof f at X, is of evenorder, X, is a (local) extremumand, if it is
positive, ¥ is a (local) minimum and if it is negative,ig a (local) maximum.

Moreover, using the inverse function theorem, one has:

Letf be, for simplicity, aC" functionin a neighborhoodof x,, thenthe graph of f is, up to a
smooth reparametrixation of x the graphits first non-constantnon-zerotermin its Taylor ex-
pansion.

Global results.Taylor'stheoremJike the MeanValue Theoremof which it is the generalization,
gives global information on, for example, the concavity of the graph aestiamateof the accuracy
of the numerical approximations.



. 0 o o (XD X"

Important Remark. In this context, f (XO)T
k=0
sum of a Taylor series. When writing

is not to be thoughtof asthe nth partial

=" 10 LD

k=0

+ (X1 %) R (X, X! %)

the remainder(x! x,)"R (X,,X! X,), forx, fixed, is a function of two variablesx andn. In order
to try to make it small, one can do either one of two things:

7 For fixedn, we can makedb| small (this was our point of view)

For example By integration by parts, one shows:
'ttn+1

t=F ( D"mix" +(! x)"*
A0S 0 (o S

If XI0, the Iast term is, in absolute value, lékanor equalto (n +2)!|x|"" andeventhoughthe
absolute value of the remainder approachesft as, for fixed n, it canbe madeassmallasone
wishes by choosing close enough to 0.

n+1

7 For fixed x we can try to make small by lettingn’ " which leads to analytidunctionstheory.
The theory is not local anymore as one is approximéaimg fixed neighborhood af.

4. ASYMPTOTIC EXPANSIONS. To summarizewe havebeen"gauging"functionslocally by
way of gaugefunctions from the setg = {( xBx,)"}, ninteger!0 and x nearx, which is linearly

orderedby Cand closedfor multiplication. The choice of g was a naturalone becauseof its
simplicity but other than that was arbitrary amdfact, it fails to allow us registercertainfunctions
like

o $339860%
) = S0$5555PETBSESS

In order to study such functions one has to choose a different set of finer functions.

More generally,

Definition. Letg ={8n}n(n be a set of functions linearlyrderedby G closedfor multiplication.
k=n

Hence8n+1=810(1) X X, Theexpansion) a(X) is an asymptotic expansionwith n term
=1

k=n
for f near x iff f(x)="" a!,(x) +! (X)o@),X X.

k=1
One then proves easily that iias an asymptotic expansion, it is unique.

Example. If f(x) is a n-times differentiablefunction in a neighborhoodof x, then

il f(k)(xo)( Xo)k

k=0

is an asymptotic expansionfafiearx,.



The setof gaugesy = {(xBX,)"}, ninteger!0 is not closedfor division andthis explainswhy,
for example, one cannot obtain an asymptotic expansion of a rational functi@naedits poles.

To remedy this situation, we just tagge {(xB%,)"}, n( Z and, forexampleto studythe behaviour

2x! 3
of f(x)= ﬁ atx =1, one expands

11+2h_ 15

fl+hy=——==1 —
(L+h) 2h+h> " 2h 2(2+h)

or

1 5
+
2(x 11 2(x+1)

f(x)=1

Thestudyat+" is donesimilarly. Computinga limit asx’ £" is usefulbut often by simple
X +2 5 N 5

x°11 x? X(x*r1)
not only givesthe existenceof the horizontalasymptotey = 3 for the graphbut showshow the
graph sits with respect to it.

meansonecanobtainmoreinformation.For exampleasx' =",

In someimportantcasesthe setof gaugefunctionsg = {(xb,)"}, n ( Z doesnot provide

satisfactory approximations. Fekampleg* is very poorly appproximatedy polynomialsat + "
and thus the set of gauge functions has to be modified accordingly in each case.

In short,the elementarydifferential calculuscan be seenas being mostly the local study of

functions through theiasymptoticexpansionsvith respecto the setof gauges(xBx)"}, n ( Z.
The choice of this set of gauges yields particularly simple computations: in genecalnihatation
of eachtermof anexpansioninvolvesa separatecomputationsometimesvery difficult but when

expanding with respect f§xBx,)"}, n ( Z, all the coefficientsare easily obtainedas soonasf'(x)
has been obtained.

5.INTEGRAL CALCULUS.Whenanalyzingthe contentsof a standardireshmanintegral cal-
culus course, one notic#gat, after the introductionof the Riemannintegral, mostof the courseis
devoted to techniques and applications of various sorts. In fact, the Riertesgralis the one new
ideaof mathematicalmportance Most textbooksmotivateits study historically by the area
problem. We would rather follow Picard in motivating the relation between the antiderivatitreeand
definite integral. We translate here from his TraitZ d'Analyse:

"Integral Calculuswas born the day one askedthe question:givenf(x), doesthere exista
function whose derivative is J(in other words a function which satisfies

d
) = =)

This question was at first answereddgeometricalinterpretationwhich, eventhoughit had
no valuein itself, helpedgreatly with the solution of the problem: One graphsfirst the functionf
then one considers the area bounded bydbrse, the x-axis and two parallels to the y-axis,one
fixed, theother one variable. Onethenshowsthat the area, consideredas a function of the x-in-
tercept x of the second paraliela functionof x havingf(x) as derivative.It is clear that, unless
one assumes that the notion of area is gitlemproblemhas not beensolvedrigorously. We as-
sume f continuous. The followiegnsiderationdead naturally to the algebraic expressiorwhich



playsa fundamentakole in the Integral Calculus.Assumefor a moment,the existenceof a
function y satisfyingl), with y(a) =y, and yb) = Y. Subdivide the interv@h,b] in n intervalsand
let X3, X5, ... , Xnp1, be the x-coordinateof the subdividingpoints. Let y,, V., ... , Yapr be the

corresponding values for y. If the intervaba is small enough, the quoti%}?—); is very closeto

f(a) and we have the following equations which hold only approximately:
YDy = (. B)f(a)
VDY = (%oB%)f(x,)

YByney = (0Bnen)f(np)
Adding them up, we obtain:

YDy = (B8)f(a) + (BX)(x,) + ... + (0BXnp)f(Xne1)

Thisholdsonly approximatelybut, hopefully,the approximationwill getbetterandbetter as the
number of intervals increases and the length of eacltgorsto 0. We are thusled, givena con-
tinuous function f to study the sufaBa)f(a) + (XD )f(x;) + ... + (%BX)f(x,)."

Conclusion. We seeoncemorethat calculatingwith functionsusingtheir approximationsnakes
mattersfar more naturalthan,to use Lagrange'sxpression,'seeingderivativesin isolatiori',
Calculus is about calculating on functions.
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